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0. Introduction
Let X be a K3 surface or an abelian surface over a field k. In [Br1], Bridgeland introduced the notion of
stability condition for objects in the bounded derived category D(X) of coherent sheaves on X . It consists
of a t-structure of D(X) and a stability function on the heart. Bridgeland showed that the set of stability
conditions Stab(X) has a structure of complex manifold. Then he studied several properties of Stab(X).
In particular, the non-emptiness of this space was shown by constructing interesting examples of stability
conditions. For β ∈ NS(X)Q and an ample Q-divisor ω, the example consists of an abelian category A(β,ω)
which is a tilting of Coh(X) by a torsion pair and a stability function Z(β,ω) on it. The structure of A(β,ω)
was studied further by Huybrechts [Hu]. In particular, it was shown that A(β,ω) is useful to study the usual
Gieseker semi-stable sheaves.
In this paper, we shall slightly generalize Bridgeland’s construction. In particular, we shall relax the
requirement on ω in [Br2]. Then we study some basic properties of the categories. We introduce a special
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parameter space of the category A(β,ω) and study its chamber structure. Since σ(β,ω) = (A(β,ω), Z(β,ω)) is a
stability condition, our parameter space is a subspace of Stab(X).
In order to study the moduli space of Gieseker semi-stable sheaves, it is important to study the behavior
of Gieseker semi-stable sheaves under Fourier-Mukai transforms. One of the authors studied this problem in
[Y6] and [Y9, sect. 2.7]. In this paper, we shall translate our previous results into the theory of Bridgeland’s
stability conditions. In particular, we shall discuss the relation between Bridgeland’s stability and the
twisted stability under the so-called large volume limit, i.e., (ω2) ≫ 0. This relation was already discussed
by Bridgeland [Br2], Toda [T], Bayer [Ba] and Ohkawa [Oh], so our result is regarded as a supplement of
theirs. Independently similar supplements and generalizations are obtained by Kawatani [K1], [K2], Lo and
Qin [LQ]. In particular, Lo and Qin investigated the relation for arbitrary surfaces.
By the definition of Bridgeland’s stability conditions, any Fourier-Mukai transform preserves a suitable
stability condition, but (ω2) is replaced by 1/(ω2). Thus this stability condition is far from Gieseker’s
stability, and we need to cross walls for Bridgeland’s stability conditions. So the wall crossing behavior of
stability conditions comes into the story. Since the stability condition σ(β,ω) = (A(β,ω), Z(β,ω)) consists of the
core of t-structure and the stability function, there are two kinds of walls. One changes the abelian category
A(β,ω), and we call such one the wall for categories. The other one changes the stability in the fixed abelian
category, and we call such one the wall for stabilities.
The wall crossing behavior for Bridgeland’s stability condition was studied by Arcara-Bertram [AB] and
Toda [T] for K3 surfaces, and by Lo-Qin for arbitrary surfaces. In particular, Toda defined a counting
invariant for moduli stack of semi-stable objects and studied the wall crossing behavior of the invariants. In
this paper we will study the number of semi-stable objects defined over finite fields and its behavior under
wall-crossings. This is enough for our applications of the present study.
As an application, we shall explain previous results on the birational maps induced by Fourier-Mukai
transforms on abelian surfaces. The previous works [Y7] and [YY1] introduced operations to improve the
unstability. We shall show that these operations correspond to crossing walls of Bridgeland’s stability con-
ditions. In particular, we shall recover the birational transforms of moduli spaces of stable sheaves in [Y7].
Let us explain the outline of this paper.
In § 1, we introduce Bridgeland’s stability conditions in our context and study the wall/chamber structure
for categories. After some preparation of notations in § 1.1, we recall basic notions for Bridgeland’s stability in
§ 1.2. We will introduce the torsion pair using twisted (Gieseker) stability, and define our stability conditions
σ(β,ω) = (A(σ,β), Z(σ,β)) for β ∈ NS(X)Q and ω ∈ Q>0H , where H is a fixed ample divisor on X . In § 1.3, we
prove that σ(β,ω) does satisfy the requirements of Bridgeland’s stability condition (Proposition 1.3.1). The
§ 1.4 is devoted to the study of wall/chamber structure for categories. We shall introduce some wall/chamber
structure on a suitable subspace HR of the space of stability conditions. The wall corresponds to a (−2)-
vector of Mukai lattice, and in each chamber the core U of the stability condition does not change. In § 1.5,
we mention the relation of Fourier-Mukai transform and Bridgeland’s stability in terms of the language of
Mukai vectors. The final § 1.6 gives techniques for the perturbation of stability conditions.
In § 2, we study the relation between Gieseker’s stability and Bridgeland’s stability. The numerical
conditions (⋆1)–(⋆3) given in § 2.1 turn out to guarantee the equivalence between the two notions of stabilities,
as shown in Proposition 2.2.1, Lemma 2.2.2 and Proposition 2.2.7. As a result, we can show Corollary 2.2.8,
which states the equivalence of Gieseker’s and Bridgeland’s stabilities in the so-called large volume limit
(ω2)≫ 0.
The next § 3 is devoted to the analysis of wall-crossing behavior. In § 3.1, we introduce the wall for
stabilities. Its definition is an analogue of the usual walls for (Gieseker) stabilities. In § 3.2, we study the
wall-crossing behavior on walls for categories. A special case of wall-crossing will be treated in § 3.3. § 3.4
deals with the wall-crossing formula for numbers of semi-stable objects in the case when the defining field k
is finite.
The final section shows some applications of our analysis for the case of abelian surfaces. Theorem 4.4.1
gives the birational maps induced by the Fourier-Mukai transform on an abelian surface. This is a gener-
alization of [Y7, Thm. 1.1], where it was required that k = C. Our proof uses the relation of Gieseker’s
and Bridgeland’s stabilities shown in § 2, the wall-crossing formula shown in § 3 and some estimates of wall-
crossing terms prepared in § 4.1 and § 4.3. Another application is shown in § 4.5, Corollary 4.5.5. Here we
discuss the Picard groups of the fibers of Albanese maps of moduli spaces which are related by Fourier-Mukai
transforms.
The appendix § 5 discusses the behavior of Bridgeland stabilities under field extension. The result will be
used in § 1. We also give some basic properties of the moduli spaces of stable sheaves on abelian and K3
surfaces over any field. In particular, we give a condition for the non-emptyness of the moduli spaces, which
ensure the existence of Fourier-Mukai transforms in § 4.
2
1. Bridgeland’s stability conditions
1.1. Preliminaries. Let f : X → S be an S-scheme over a scheme S. For a point s ∈ S, k(s) denotes
the residue field of s. Let Xs := X ×S Spec(k(s)) be the fiber of s. For a coherent sheaf E on X which is
flat over S, we denone E|Xs by Es. For a commutative ring R and a morphism Spec(R) → S, we also set
XR := X ×S Spec(R) and ER = E ⊗S R denotes the pull-back of E to XR.
Let X be an abelian surface or a K3 surface over a field k. Let us introduce the Mukai lattice over X .
For the sake of convenience, we first assume that k = C, and later we mention the modification in the case
of arbitrary field. Let ̺X ∈ H4(X,Z) be the fundamental class of X . We define a lattice structure 〈·, ·〉 on
Hev(X,Z) :=
⊕2
i=0H
2i(X,Z) by
(1.1) 〈x, y〉 := (x1, y1)− (x0y2 + x2y0),
where x = x0 + x1 + x2̺X and y = y0 + y1 + y2̺X with x0, y0 ∈ Z = H0(X,Z), x1, y1 ∈ H2(X,Z) and
x2, y2 ∈ Z. For a coherent sheaf E on X ,
v(E) := ch(E)
√
tdX
=rkE + c1(E) + (χ(E)− ε rkE)̺X ∈ Hev(X,Z)
(1.2)
is called the Mukai vector of E, where ε = 0, 1 according as X is an abelian surface or a K3 surface. The
Mukai vector of an object E of D(X) is defined to be
∑
k(−1)kv(Ek), where E is expressed as a bounded
complex (Ek) = (· · · → E−1 → E0 → E1 → · · · ). Finally we define
A∗alg(X) := Z⊕NS(X)⊕ Z̺X .
Then A∗alg(X) is a sublattice of H
ev(X,Z), and v(E) ∈ A∗alg(X) for any element E ∈ D(X). We will call
(A∗alg(X), 〈·, ·〉) the Mukai lattice forX . In the case of k = C, this lattice is sometimes denoted byH∗(X,Z)alg
in literature.
In the case where k is an arbitrary field, we set A∗alg(X) = ⊕2i=0Aialg(X) to be the quotient of the cycle
group of X by the algebraic equivalence. Then we have A0alg(X)
∼= Z, A1alg(X) ∼= NS(X) and A2alg(X) ∼= Z.
We denote the basis of A2alg(X) by ̺X , and express an element x ∈ A∗alg(X) by x = x0 + x1 + x2̺X with
x0 ∈ Z, x1 ∈ NS(X) and x2 ∈ Z. The lattice structure of A∗alg(X) is given by 〈·, ·〉 with the same definition
as (1.1). The Mukai vector v(E) ∈ A∗alg(X) is defined by (1.2) for a coherent sheaf E, and by
∑
k(−1)kv(Ek)
for an object E = (Ek) of D(X).
Hereafter the base field k is arbitrary unless otherwise stated.
For a ring extension R→ R′ and an R-module M , we set MR′ :=M ⊗RR′. Let E be an object of D(X).
E∨ := RHomOX (E,OX) denotes the derived dual of E. We denote the rank of E by rkE. For a fixed nef
and big divisor H on X , deg(E) denotes the degree of E with respect to H . For G ∈ K(X)Q with rkG > 0,
we also define the twisted rank and the twisted degree by
rkG(E) := rk(G
∨ ⊗ E), degG(E) := deg(G∨ ⊗ E)
respectively. Finally we define the twisted slope by µG(E) := degG(E)/ rkG(E), if rkE 6= 0.
We call an element u ∈ A∗alg(X) (-2)-vector if 〈u2〉 := 〈u, u〉 = −2. For a (−2)-vector u,
(1.3)
Ru : A
∗
alg(X) → A∗alg(X)
x 7→ x+ 〈u, x〉u
is the reflection by u.
Let U be a complex of coherent sheaves on X such that Hom(U,U) = k and Hom(U,U [p]) = 0 for p 6= 0, 2.
Let pi : X ×X → X (i = 1, 2) be the i-th projection. We set
E := Cone(p∗1(U)⊗ p∗2(U∨)→ O∆).
Then
ΦU : D(X) → D(X)
E 7→ Rp1∗(E⊗ p∗2(E))
is an equivalence and the quasi-inverse Φ−1U is given by
Φ−1U : D(X) → D(X)
F 7→ Rp2∗(E∨ ⊗ p∗1(F ))[2].
Moreover ΦU induces the (−2)-reflection Rv(U) on the Mukai lattice.
1.2. Several definitions. In this subsection, we shall explain several basic notions to define Bridgeland’s
stability conditions.
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1.2.1. Let us recall the definition of stability conditions on triangulated categories, introduced in [Br1,
Definition 1.1].
Definition 1.2.1. A stability condition on a triangulated category T consists of a group homomorphism
Z : K(T)→ C and full additive subcategories P (φ) ⊂ T for all φ ∈ R, satisfying the following conditions:
(i) For E ∈ P (φ) \ {0}, we have Z(E) = m(E) exp(√−1πφ) with some m(E) ∈ R>0.
(ii) P (φ+ 1) = P (φ)[1] for all φ ∈ R.
(iii) If φ1 > φ2 and Ei ∈ P (φi) (i = 1, 2), then HomT(E1, E2) = 0.
(iv) For any E ∈ T \ {0}. we have a following collection of triangles
0 = E0 // E1
~~⑥⑥
⑥⑥
⑥⑥
⑥⑥
// E2 //
~~⑥⑥
⑥⑥
⑥⑥
⑥⑥
· · · // En−1 // En = E
{{✈✈
✈✈
✈✈
✈✈
✈
A1
[1]
cc●●●●●●●●●
A2
[1]
``❆❆❆❆❆❆❆❆
An
[1]
bb❊❊❊❊❊❊❊❊
(1.4)
such that Ai ∈ P (φi) with φ1 > φ2 > · · · > φn.
In the above definition, (1.4) is unique up to isomorphism. We will use the following notations:
φmax(E) := φ1(E), φmin(E) := φn(E).(1.5)
Given a stability condition σ = (Z, P ) as in Definition 1.2.1, each subcategory P (φ) is abelian. The
non-zero objects of P (φ) are said to be semi-stable of phase φ with respect to σ, and the simple objects of
P (φ) are said to be stable.
Let us also recall an equivalent definition of stability condition, given in [Br1, Proposition 5.3]. Before
stating that, we need to prepare
Definition 1.2.2. Let A be an abelian category.
(i) A stability function on A is a group homomorphism Z : K(A) → C such that Z(E) ∈ H′ for every
E ∈ A \ {0}, where H′ := {re
√−1πφ | 0 < r, 0 < φ ≤ 1} ⊂ C.
(ii) Given a stability function Z, the phase of non-zero object E ∈ A is defined to be φ(E) :=
(argZ(E))/π ∈ (0, 1].
(iii) A nonzero object E ∈ A is called semi-stable with respect to Z if every nonzero subobject A ⊂ E
satisfies φ(A) ≤ φ(E).
(iv) A stability function Z on A is said to have Harder-Narasimhan property if every E ∈ A \ {0} admits
a filtration
0 ⊂ E1 ⊂ E2 ⊂ · · · ⊂ En = E
in A such that each Fj := Ej/Ej−1 is a semi-stable object with respect to Z and φ(F1) > φ(F2) >
· · · > φ(Fn).
Then [Br1, Proposition 5.3] claims
Fact 1.2.3. To give a stability condition on T is equivalent to giving a bounded t-structure on T and a
stability function on its heart with Harder-Narasimhan property.
We will denote a stability condition on T by a pair σ = (A, Z), where A is the heart of the given bounded
t-structure and Z is the stability function on A. Hereafter we call a semi-stable object with respect to σ by
σ-semi-stable object.
1.2.2. In the remaining part of this subsection, we shall explain the setting of categories and stability
functions for defining certain Bridgeland’s stability conditions.
Let X be an abelian surface or a K3 surface over k, and π : X → Y a contraction of X to a normal
surface Y over k. We note that π is an isomorphism if X is an abelian surface. If π is not isomorphic, then
Y has rational double points as singularities. Let H be the pull-back of an ample divisor on Y . We take
β ∈ NS(X)Q such that (β,D) 6∈ Z for every (−2)-curve D with (D,H) = 0. Then the following proposition
holds.
Proposition 1.2.4 ([Y8, Prop. 2.4.5]). Assume that β ∈ NS(X)Q satisfies (β,D) 6∈ Z for all (−2)-curves D
on X ⊗k k with (D,H) = 0. Then there is a category of perverse coherent sheaves C such that 〈eβ, v(E)〉 < 0
for all 0-dimensional objects E of C.
If π is isomorphic, then C is nothing but Coh(X).
Let r0 be a positive integer such that r0e
β is a primitive element of A∗alg(X). Let G be an element of
K(X)Q such that v(G) = r0e
β − a̺X , a ∈ Q.
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Definition 1.2.5 ([Y8, sect. 1.4]). (1) Let E be an object of C. We set E(n) := E(nH) for the fixed
H .
(a) Assume that rkE > 0. Then E is G-twisted semi-stable if
χ(G,F (n)) ≤ (rkF )χ(G,E(n))
rkE
, n≫ 0
for any proper subobject F of E. If E the inequality is strict for every F , E is G-twisted stable.
(b) Assume that rkE = 0 and (c1(E), H) > 0. Then E is G-twisted semi-stable if
χ(G,F ) ≤ (c1(F ), H) χ(G,E)
(c1(E), H)
for any proper subobject F of E. If the inequality is strict for every F , E is G-twisted stable.
(2) We define the β-twisted semi-stability as the O(β)-twisted semi-stability.
(3) For v ∈ A∗alg(X),MGH(v)ss is the moduli stack of G-twisted semi-stable objects E of C with v(E) = v.
We also define µ-semi-stability by using the slope µG. MH(v)µ-ss denotes the moduli stack of µ-
semi-stable objects E with v(E) = v. MGH(v)s is the open substack of MGH(v)ss consisting of E
such that E ⊗ k is G-twisted stable. We also define MβH(v)ss and MβH(v)s in a similar way.
(4) For v ∈ A∗alg(X), M
G
H(v) is the moduli scheme of G-twisted semi-stable objects E of C with v(E) = v
and MGH (v) the open subscheme of G-twisted stable objects. We also define M
β
H(v) and M
β
H(v) in
a similar way.
Remark 1.2.6. In [Y8], we assumed k = C. As we shall see in the appendix (Corollary 5.3.5), for any S of
finite type over a universally Japanese ring, we have a relative moduli scheme of β-semi-stable objects as a
GIT quotient of a quot-scheme in the category of perverse coherent sheaves. In particular, we have a relative
moduli stack as a quotient stack.
Definition 1.2.7. Let E 6= 0 be an object of C.
(1) There is a (unique) filtration
(1.6) 0 ⊂ F1 ⊂ F2 ⊂ · · · ⊂ Fs = E
such that each Ej := Fj/Fj−1 is a torsion object or a torsion free G-twisted semi-stable object and
(rkEj+1)χ(G,Ej(n)) > (rkEj)χ(G,Ej+1(n)), n≫ 0.
We call it the Harder-Narasimhan filtration of E.
(2) In the notation of (1), we set
µmax,G(E) :=
{
µG(E1), rkE1 > 0,
∞, rkE1 = 0,
µmin,G(E) :=
{
µG(Es), rkEs > 0,
∞, rkEs = 0.
Remark 1.2.8. Let k be the algebraic closure of k. For an object E of C, E is G-twisted semi-stable if and
only if E ⊗k k is G⊗k k-twisted semi-stable as in the usual Gieseker semi-stability of sheaves. Hence (1.6) is
invariant under the extension of the field.
We define several torsion pairs of C.
Definition 1.2.9. (1) Let Tµ be the full subcategory of C such that E ∈ C belongs to Tµ if (i) E is a
torsion object or (ii) µmin,G(E) > 0.
(2) Let Fµ be the full subcategory of C such that E ∈ C belongs to Fµ if E = 0 or E is a torsion free
object with µmax,G(E) ≤ 0.
Definition 1.2.10. (1) Let TG be the full subcategory of C such that E ∈ C belongs to TG if (i) E is
a torsion object or (ii) for the Harder-Narasimhan filtration (1.6) of E, Es satisfies µG(Es) > 0 or
µG(Es) = 0 and χ(G,Es) > 0.
(2) Let FG be the full subcategory of C such that E ∈ C belongs to FG if E is a torsion free object
and for the Harder-Narasimhan filtration (1.6) of E, E1 satisfies µG(E1) < 0 or µG(E1) = 0 and
χ(G,E1) ≤ 0.
Definition 1.2.11. (Tµ,Fµ) and (TG,FG) are torsion pairs of C. We denote the tiltings of C by A
µ and AG
respectively.
Definition 1.2.12. If v(G)/ rkG = eβ , then we set (T,F) := (TG,FG) and A := AG.
For E ∈ D(X), we can express v(E) by
(1.7) v(E) = reβ + a̺X + (dH +D) + (dH +D, β)̺X ,
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where r, a, d ∈ Q and D ∈ NS(X)Q ∩H⊥. Then we have r = rkE and
(1.8) d =
degG(E)
r0(H2)
=
deg(E(−β))
(H2)
, a = −χ(E(−β)).
We note that (dH +D) + (dH +D, β)̺X ∈ (eβ)⊥.
Hereafter we take ω ∈ R>0H with (ω2) ∈ Q, and for the pair (β, ω) we introduce some functions and
categories in order to construct stability conditions.
Definition 1.2.13. (1) We define Z(β,ω) : D(X)→ C by
Z(β,ω)(E) :=〈eβ+
√−1ω, v(E)〉
=
〈
eβ − (ω
2)
2
̺X +
√−1(ω + (ω, β)̺X), v(E)
〉
=− a+ r (ω
2)
2
+
√−1d(H,ω).
(1.9)
Here we used (1.2)
(2) If Z(β,ω)(AG \ {0}) ⊂ H′, then Z(β,ω) is a stability function on AG. In this case, we have a function
φ(β,ω) : AG[n] \ {0} → (n, n+ 1] such that
Z(β,ω)(E) = |Z(β,ω)(E)|e
√−1πφ(β,ω)(E)
for E ∈ AG[n] \ {0}.
(3) For a non-zero Mukai vector v ∈ H∗(X,Z)alg, we define Z(β,ω)(v) ∈ C and φ(β,ω)(v) ∈ (0, 2] by
Z(β,ω)(v) := 〈eβ+
√−1ω, v〉 = |Z(β,ω)(v)|eπ
√−1φ(β,ω)(v).
Note that if Z(β,ω) : AG → C is a stability function on AG, then for 0 6= E ∈ A(β,ω) ∪ A(β,ω)[1] we have
φ(β,ω)(v(E)) = φ(β,ω)(E).
φ(β,ω) is called the phase function of Z(β,ω). If confusion does not occur, we denote φ(·) := φ(β,ω)(·).
Remark 1.2.14. For the category of twisted sheaves, we take a locally free twisted sheaf G with χ(G,G) = 0.
Then we replace the Mukai vector v(E) by
vG(E) :=
ch(G∨ ⊗ E)√
ch(G∨ ⊗G)
√
tdX ∈ A∗alg(X)⊗Q.
Then vG(G) = rkGe
β with β = 0 and we have an expression
vG(E) = r + a̺X + (dH +D),
since β = 0. In this case, Z(β,ω) is also well-defined.
Definition 1.2.15. For (β, ω), G(β,ω) ∈ K(X)Q is an element satisfying
(1.10) v(G(β,ω)) = e
β − (ω
2)
2
̺X .
Then we have
Z(β,ω)(E) = −χG(β,ω)(E) +
√−1d(H,ω).
Remark 1.2.16. Since G(β,ω) ∈ K(X)Q and (H,ω) ∈ Q, there is an integer N such that NZ(β,ω)(E) ∈
Z+ Z
√−1 for all E ∈ K(X).
Definition 1.2.17. For (β, ω), we define (T(β,ω),F(β,ω)) and A(β,ω) to be the categories (TG(β,ω) ,FG(β,ω))
and AG(β,ω) with (1.10).
1.3. Examples of Bridgeland’s stability conditions. In this section, we shall generalize Bridgeland’s
explicit construction of stability condition [Br2, sect. 7]. It is also a geometric construction of the stability
condition in [Ha, Lem. 4.8]. We keep the notation in the last subsection and fix the pair (β, ω).
Proposition 1.3.1. Assume that there is no G(β,ω)-twisted stable object E with degG(β,ω)(E) = χG(β,ω)(E) =
0. Then σ(β,ω) := (A(β,ω), Z(β,ω)) is an example of Bridgeland’s stability condition.
Proof. By the definition of A(β,ω), Z(β,ω) is a stability function on A(β,ω). We prove that the stability
function Z(β,ω) satisfies the Harder-Narasimhan properties.
Let E be an object of A(β,ω). By the same proof of [Br2, Prop. 7.1], there is no chain of monomorphisms
in A(β,ω)
· · · ⊂ Ei+1 ⊂ Ei ⊂ · · · ⊂ E1 ⊂ E0 = E
6
with φ(Ei+1) > φ(Ei) for all i.
Assume that there is a chain of epimorphisms
E = E0 ։ E1 ։ · · ·։ Ei ։ Ei+1 ։ · · ·
with φ(Ei) > φ(Ei+1) for all i. By the same proof of [Br2, Prop. 7.1], we may assume that ImZ(β,ω)(E) =
ImZ(β,ω)(Ei) and H
0(E)→ H0(Ei) is an isomorphism for all i. We set Li := ker(E → Ei). Then there is a
chain
0 = L0 ⊂ L1 ⊂ · · · ⊂ Li ⊂ · · · ⊂ E
and ImZ(β,ω)(Li) = 0 for all i. By the definition of A(β,ω), H
−1(Li) is a µ-semi-stable object with
degG(β,ω)(H
−1(Li)) = 0, and H0(Li) is an extension
0→ T → H0(Li)→ F → 0
of a µ-semi-stable object F with degG(F ) = 0 by a 0-dimensional object T .
We may assume that H−1(Li) → H−1(Li+1) is an isomorphism for all i. We set Bi := Li/Li−1. Then
we have an exact sequence
0→ H−1(Bi)→ H0(Li−1)→ H0(Li)→ H0(Bi)→ 0.
Since χG(β,ω)(H
−1(Bi)) ≤ 0 and χG(β,ω)(H0(Bi)) ≥ 0, χG(β,ω)(H0(Li−1)) ≤ χG(β,ω)(H0(Li)).
We have
0 ≥ χG(β,ω)(H−1(Ei)) = χG(β,ω)(H−1(E))− χG(β,ω)(H−1(Li)) + χG(β,ω)(H0(Li)).
Hence χG(β,ω)(H
0(Li)) is bounded above. Therefore χG(β,ω)(H
0(Li)) is constant for i ≫ 0 by Remark
1.2.16. Then we have χG(β,ω)(H
0(Bi)) = χG(β,ω)(H
−1(Bi)) = 0, which implies that H0(Bi) = 0. Hence
H0(Li−1) → H0(Li) is surjective for i ≫ 0. By the Noetherian properties of C, H0(Li−1) → H0(Li) is an
isomorphism for i≫ 0. Therefore Li−1 → Li is an isomorphism for i≫ 0. 
Remark 1.3.2. If X is an abelian surface, then A(β,ω) = A
µ for any ω. Thus Definition 1.2.17 is meaningful
only for a K3 surface.
Definition 1.3.3. For E,E′ ∈ A(β,ω), we set
Σ(β,ω)(E
′, E) := det
(
ReZ(β,ω)(E
′) ReZ(β,ω)(E)
ImZ(β,ω)(E
′) ImZ(β,ω)(E)
)
.
Definition 1.3.4. Let k be an arbitrary field. Assume that σ(β,ω) is a stability condition. Then E ∈ A(β,ω)
is σ(β,ω)-semi-stable if
Σ(β,ω)(E
′, E) ≥ 0
for any subobject E′ of E.
Remark 1.3.5. Since
Σ(β,ω)(E
′, E) = |Z(β,ω)(E′)||Z(β,ω)(E)| sin(π(φ(E) − φ(E′)))
and 0 < φ(E), φ(E′) ≤ 1, Σ(β,ω)(E′, E) ≥ 0 if and only if φ(E) − φ(E′) ≥ 0. Thus the above definition is
equivalent to Bridgeland’s definition of stability.
For (β, ω), let (β, ω) be the corresponding element on X ⊗k k, where k is the algebraic closure of k. Then
we have a natural identification A(β,ω) = (A(β,ω)) ⊗k k by Remark 1.2.8. In § 5, we shall prove that the
σ(β,ω)-semi-stability of E is equivalent to the σ(β,ω)-semi-stability of E ⊗k k.
Definition 1.3.6. Assume that σ(β,ω) is a stability condition. Then E ∈ A(β,ω) is σ(β,ω)-stable, if
Σ(β,ω)(E
′, E ⊗k k) > 0
for any proper subobject E′ 6= 0 of E ⊗k k.
Definition 1.3.7. M(β,ω)(v) denotes the moduli stack of σ(β,ω)-semi-stable objects E such that v(E) = v.
If there is a coarse moduli scheme of the S-equivalence classes of σ(β,ω)-semi-stable objects, then we denote
it by M(β,ω)(v).
Remark 1.3.8. (1) By Lieblich ([Li], [AB, Appendix]), M(β,ω)(v) is an Artin stack.
(2) Inaba [I] constructed the moduli space of simple complexes as an algebraic space.
(3) If the moduli scheme M(β,ω)(v) exists and consists of stable objects, then the deformation theory
implies that M(β,ω)(v) is smooth of dimM(β,ω)(v) = 〈v2〉+ 2.
Lemma 1.3.9. Let E be an object of A(β,ω) such that deg(E(−β)) = 0 and E ⊗k k is an irreducible object
of A(β,ω) = (A(β,ω))⊗k k, where k is the algebraic closure of k.
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(1) If rkE ≥ 0, then H−1(E) = 0 and H0(E) is 0-dimensional or H0(E) is a β-twisted stable object
with 〈v(E)2〉 = −2.
(2) If rkE < 0, then H0(E) = 0 and H−1(E) is a β-twisted stable object of C.
Proof. Replacing k by k, we may assume that k is algebraically closed. We set G := G(β,ω). For E ∈ A(β,ω),
we have an exact sequence
0→ H−1(E)[1]→ E → H0(E)→ 0.
(1) Assume that rkE ≥ 0. If H−1(E) 6= 0, then the irreducibility of E implies that H0(E) = 0 and
H−1(E) is a torsion free object of C with rkH−1(E) > 0, which is a contradiction. Therefore H−1(E) = 0.
If H0(E) has a torsion subobject T , then we have an exact sequence in A(β,ω):
0→ T → E → E/T → 0.
By the irreducibility of E, E is a torsion object. If dimE = 1, then we have a non-trivial quotient ϕ : E → E1
in C, which gives a non-trivial quotient of E in A(β,ω), since dim kerϕ ≤ 1. Therefore dimE = 0. If H0(E)
is torsion free, we take the Harder-Narasimhan filtration of H0(E):
0 ⊂ F1 ⊂ F2 ⊂ · · · ⊂ Fs = H0(E).
Since H0(E) ∈ T(β,ω) and deg(H0(E)(−β)) = 0, we see that deg(Fi/Fi−1(−β)) = 0 for all i. Then we have
χG(F1)
rkF1
>
χG(F2/F1)
rkF2/F1
> · · · > χG(Fs/Fs−1)
rkFs/Fs−1
> 0.
Thus Fi/Fi−1 ∈ T(β,ω) for all i. By the irreducibility of E, s = 1. Thus H0(E) is β-twisted semi-stable. By
the irreducibility, we also see that H0(E) is β-twisted stable. Since χ(H0(E)(−β)) > χG(H0(E)) > 0, we
see that 〈v(E)2〉 < 0. Hence 〈v(E)2〉 = −2.
(2) Since rkE < 0, we have H−1(E) 6= 0. By the irreducibility of E, H0(E) = 0. Let
0 ⊂ F1 ⊂ F2 ⊂ · · · ⊂ Fs = H−1(E)
be the Harder-Narasimhan filtration of H−1(E). Since H−1(E) ∈ F(β,ω) and deg(H−1(E)(−β)) = 0, we see
that deg(Fi/Fi−1(−β)) = 0 for all i. Then we have
0 ≥ χG(F1)
rkF1
>
χG(F2/F1)
rkF2/F1
> · · · > χG(Fs/Fs−1)
rkFs/Fs−1
.
Thus Fi/Fi−1 ∈ F(β,ω) for all i. By the irreducibility of E, s = 1. Thus H−1(E) is β-twisted semi-stable.
By the irreducibility, we also see that H−1(E) is β-twisted stable. 
Lemma 1.3.10. Let E be a β-twisted stable object of C with deg(E(−β)) = χ(E(−β)) = 0. Then (E[1])⊗k k
is an irreducible object of A⊗k k.
Proof. We may assume that k = k. We set G := G(β,0). Assume that there is an exact sequence in A(β,0) = A:
0→ F1 → E[1]→ F2 → 0.
Then we have an exact sequence in C:
0→ H−1(F1)→ E ψ→ H−1(F2)→ H0(F1)→ 0.
Since degG(H
−1(F1)), degG(H
−1(F2)) ≤ 0 and degG(H0(F1)) ≥ 0, we have
0 = degG(E) = degG(H
−1(F1)) + degG(H
−1(F2))− degG(H0(F1)) ≤ 0.
Hence degG(H
−1(F1)) = degG(H
−1(F2)) = degG(H
0(F1)) = 0. We assume that H
0(F1) 6= 0. Since
χG(H
0(F1)) > 0 and χG(H
−1(F2)) ≤ 0, we get χG(imψ) < 0. By the β-twisted stability of E and
χG(E) = 0, we have ψ = 0. Then H
−1(F2) → H0(F1) is isomorphic, which is a contradiction. Therefore
H0(F1) = 0. By the β-twisted stability of E, we get H
−1(F1) = 0 or H−1(F2) = 0, which implies E[1] is
irreducible. 
1.4. The wall and chamber for categories.
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1.4.1. For the stability condition σ(β,ω), the abelian category A(β,ω) depends on the choices of β and
ω ∈ R>0H . In this subsection, we shall study the dependence under fixing b := (β,H)/(H2) ∈ Q. So we
assume that X is a K3 surface (cf. Remark 1.3.2). We first note that η := β − bH ∈ H⊥.
Definition 1.4.1. We set
H :={(η, ω) | η ∈ NS(X)Q, (η,H) = 0, ω ∈ R>0H},
HR :={(η, ω) | η ∈ NS(X)R, (η,H) = 0, ω ∈ R>0H}.
We have an embedding of HR into NS(X)C via (η, ω) 7→ η +
√−1ω. Thus we have an identification:
HR ∼= (NS(X)R ∩H⊥) +
√−1R>0H.
Remark 1.4.2. We shall introduce an embedding of HR into a sphere. For the vector space
(1.11) VH := (NS(X)R ∩H⊥) +
√−1RH,
the intersection pairing is a negative definite real form. We set
I :={Rx ∈ P(R⊕ VH ⊕ R̺X) | 〈x2〉 = 0},
IbH :=e
bHI = {Rx ∈ P(A∗alg(X)C) | Rxe−bH ∈ I}.
(1.12)
We set x = r + ξ + a̺X ∈ IbH . If r 6= 0, then x = rebH+η+
√−1ω, η +
√−1ω ∈ VH . If r = 0, then x = a̺X .
Thus I is identified with a compactification V H := VH ∪ {∞} of VH , where R̺X corresponds to ∞. We
shall prove that I is diffeomorphic to ρ-dimensional sphere Sρ, where ρ = rkNS(X). For x = r + ξ + a̺X
with ξ ∈ VH , 〈x2〉 = 0 if and only if (ξ2) = 2ra. We shall identify Rρ with VH by sending (y1, . . . , yρ−1, yρ)
to
∑ρ−1
i=1 yiξi +
√−1yρh, where h = H/
√
(H2) and ξi ∈ H⊥ (1 ≤ i ≤ ρ − 1) satisfy −(ξi, ξj) = δij . Let Sρ
be a sphere in Rρ × R. Then we have a diffeomorphism:
I → Sρ
R(r + ξ + a̺X) 7→
( −2ξ
r − 2a,
2a+ r
2a− r
)
.
The correspondence Sρ → V H is nothing but the stereographic projection from (~0, 1) ∈ Sρ, and we get a
desired embedding HR →֒ Sρ. We set
HR := HR ∪ {∞}.
This embedding will be used in § 1.5 to describe the action of Fourier-Mukai transforms.
Definition 1.4.3. We set
R := {u ∈ A∗alg(X) | u ∈ (H + (H, bH)̺X)⊥, 〈u2〉 = −2}.
For u ∈ R, we define a wall Wu for categories of HR as
Wu := {(η, ω) ∈ HR | rku · (ω2) = −2〈ebH+η, u〉}.
A connected component of HR \ ∪u∈RWu is called a chamber for categories.
Remark 1.4.4. (1) Assume that u = reβ + a̺X +D + (D, β)̺X belongs to R. If Z(β,ω)(E) = 0, then
a = r (ω
2)
2 implies that r > 0 if and only if a > 0. If r = 0, then u = D + (D, β)̺X implies that
(D, β) ∈ Z. Hence u ∈ R with rku = 0 are used to describe the dependence on the category C.
(2) For u ∈ R with rku > 0, Wu is the half sphere defined by
−
(
η − c1(u)
rku
+ bH
)2
+ (ω2) =
2
(rku)2
.
Hence u is determined by Wu.
Lemma 1.4.5. The set of walls is locally finite.
Proof. Let B be a compact subset of HR. We shall prove that
{u ∈ R | Wu ∩B 6= ∅}
is a finite set. An element u ∈ R can be expressed as
u = rebH + a̺X +D + (D, bH)̺X
with D ∈ H⊥ ∩ NS(X)Q and a = ((D2) + 2)/(2r). Then Wu is the half sphere
−
(
η − D
r
)2
+ (ω2) =
2
r2
.
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Hence r2 < 2/(ω2) and
2 > −(rη −D)2 ≥
(√
−r2(η2)−
√
−(D2)
)2
.
Since B is a compact subset of HR, the choice of r and (D
2) are finite. We denote the denominator of b by
b0. Since D = c1(u)− rbH ∈ b−10 ·NS(X), the choice of D is also finite. Hence the claim holds. 
1.4.2. For a fixed β := bH + η, η ∈ H⊥, we have an embedding
(1.13)
ιβ : R>0H → HR
ω 7→ (η, ω).
Then we also have the notion of walls and chambers on R>0H . In this case, the category C is fixed.
Lemma 1.4.6. We set
Rβ := {u ∈ R | rku > 0, −〈eβ, u〉 > 0}.
Then Rβ is a finite set and rku ≤ r0.
Proof. We set
u := reβ + a̺X + (D + (D, β)̺X), D ∈ H⊥.
By the assumption, a = −〈eβ, u〉 > 0 and −2 = 〈u2〉 = −2ra+ (D2) ≤ −2ra. Hence 0 < r(r0a) ≤ r0. Since
−r0a = 〈r0eβ, u〉 ∈ Z and r ∈ Z, r and r0a are positive integers with r(r0a) ≤ r0. Thus the choices of r and
a are finite. Since D = (c1(u) − rβ) ∈ (1/r0)NS(X) ∩ H⊥ and 0 ≤ −(D2) ≤ −2ra + 2, the choice of u is
also finite. 
Definition 1.4.7. For u ∈ Rβ , we define a wall Wβ,u for categories of R>0H as{
ω ∈ R>0H
∣∣∣ (ω2)
2
= −〈e
β, u〉
rku
}
.
A connected component of R>0H \ ∪u∈RβWβ,u is called a chamber for categories.
Remark 1.4.8. If Wβ,u 6= ∅, then Wβ,u = ι−1β (Wu), and Wu intersects with ιβ(R>0H) transversely.
For u ∈ Rβ, there is a β-twisted semi-stable object E of C with v(E) = u. Since Wβ,u depends only on
u/ rku, we introduce the following definition.
Definition 1.4.9. Let Excβ be the set of β-twisted stable objects E of C with
v(E) = reβ + a̺X + (D + (D, β)̺X), r, a > 0, D ∈ H⊥.
Lemma 1.4.10. (1) Excβ is a finite set and {v(E) | E ∈ Excβ} ⊂ Rβ.
(2) For E ∈ Excβ, rkE ≤ r0 and rkE < r0 unless r0 = 1 and v(E) = eβ + ̺X .
(3) Let E1, E2, . . . , En be the objects of Excβ and assume that {(E1)k, (E2)k, . . . , (En)k} = Excβ, where β
is the image of β ∈ NS(X)Q to NS(Xk)Q. Let E1, E2, . . . , Es be the objects of Excβ with χG(β,ω)(Ei) >
0.
(a) For E ∈ T(β,ω), there is an exact sequence
0→ F1 → E → F2 → 0
such that F1 ∈ Tµ and F2 is a successive extension of Ei, 1 ≤ i ≤ s.
(b) For E ∈ F(β,ω), there is an exact sequence
0→ F1 → E → F2 → 0
such that F1 is a successive extension of Ei, s+ 1 ≤ i and F2 ∈ F.
Proof. (1), (2) In the notation of (1.7), if E ∈ Excβ , then −2 ≤ 〈v(E)2〉 = −2ra+ (D2) ≤ −2ra < 0. Hence
〈v(E)2〉 = −2, which implies that v(E) ∈ Rβ. In particular, E is an exceptional object:
Hom(E,E) = k, Ext1(E,E) = 0.
Therefore (1) and by Lemma 1.4.6 the first claim of (2) hold. If r = r0, then we have r0a = 1 and D = 0.
Hence v(E) = r0e
β − a̺X . Since r0eβ ∈ A∗alg(X), a ∈ Z. Then ra = 1 implies that r = r0 = 1 and a = 1.
(3) We first assume that k is algebraically closed. In the notation of (1.7), if E is a G(β,ω)-stable object of
C with degG(β,ω)(E) = χG(β,ω)(E) ≥ 0, then d = 0 and a ≥ r(ω2)/2 ≥ 0. If r = 0, then E is a 0-dimensional
object. Thus E ∈ Tµ. If r > 0, then a > 0, which implies that E ∈ Excβ. Then the claim follows from the
definition of T(β,ω) and Excβ.
For the general case, we take the exact sequence
0→ F1 → Ek → F2 → 0
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in (a) and (b). Since Hom(F1, F2) = 0, we see that F1 and F2 are defined over k ( see the proof of the
Harder-Narasimhan filtration over any field). Since {(E1)k, (E2)k, . . . , (En)k} = Excβ, the claims hold for
general cases. 
Corollary 1.4.11. We fix β and take ω ∈ Q>0H. Then A(β,ω) depends only on the chamber in R>0H where
ω belongs.
We note that T ⊃ T(β,ω) ⊃ Tµ.
Corollary 1.4.12. (1) If (ω2) < 2/r20, then T = T(β,ω). Thus (A, Z(β,ω)) is an example of Bridgeland’s
stability condition.
(2) If (ω2) > 2, then T(β,ω) = T
µ. Thus (Aµ, Z(β,ω)) is an example of Bridgeland’s stability condition.
Proof. By Lemma 1.4.10 (3), T = T(β,ω) if (ω
2)/2 < −〈eβ, v(E)〉/ rkE for all E ∈ Excβ, and Tµ = T(β,ω) if
(ω2)/2 > −〈eβ, v(E)〉/ rkE for all E ∈ Excβ . For E ∈ Excβ , we have
1
(rkE)2
≥ −〈e
β, v(E)〉
rkE
≥ 1
r0 rkE
.
By Lemma 1.4.10 (2) and the definition of Excβ , we have 1 ≤ rkE ≤ r0. Hence we get
1 ≥ −〈e
β, v(E)〉
rkE
≥ 1
r20
,
which implies the claims. 
Example 1.4.13. LetX be aK3 surface with Pic(X) = ZH and E0 be an exceptional vector bundle onX . We
set β := c1(E0)/ rkE0. Then r0 = (rkE0)
2 and v(E0) =
√
r0e
β+
√
r0
−1̺X . Hence 〈eβ−(ω2)̺X/2, v(E0)〉 = 0
if and only if (ω2)/2 = 1/r0. Therefore
A(β,ω) =
{
A, (ω2) < 2/r0
Aµ, (ω2) > 2/r0.
The following example is inspired by Washino [W].
Example 1.4.14. Let π : X → P1 be an elliptic K3 surface with a section σ. Let f be a fiber of π. We set
H := σ+4f andD := σ−2f . Then (H2) = 6, (H,D) = 0 and (D2) = −6. We set β+√−1ω = xD+√−1yH ,
x, y ∈ R. For η := xD, x < 1/2, χ(OX(η),OX(D)) < χ(OX(η),OX). Then a non-trivial extension
0→ OX(D)→ E1 → OX → 0
defines an η-twisted stable sheaf. We set u1 := v(OX), u2 := v(OX(D)) and u3 := v(E1) = u1 + u2. Then
the equations for Wui , i = 1, 2, 3 are
Wu1 : x
2 + y2 = 1/3,
Wu2 : (x− 1)2 + y2 = 1/3,
Wu3 : (x− 1/2)2 + y2 = 1/12.
They pass through the point (12 ,
1
2
√
3
). By the action of Ru1 , Wu2 and Wu3 are exchanged. It is easy to see
that {
RD/3 = {u1, u3},
RD/2 = {u1, u2, u3}.
For β = D/3, we have three categories A,Aµ,A3:
A(β,ω) =

A, (ω2)/2 < 1/6
A3, 1/6 < (ω
2)/2 < 2/3
Aµ, (ω2)/2 > 2/3.
For β = D/2, we have
A(β,ω) =
{
A, (ω2)/2 < 1/4
Aµ, (ω2)/2 > 1/4.
In this example, u1, u2 generate a negative definite lattice of type A2.
Definition 1.4.15. Let W be a wall of R>0H . SW denotes the category of β-twisted semi-stable objects
E of C with rkE > 0, deg(E(−β)) = 0 and χ(E(−β)) = (ω2) rkE/2 (constant).
Lemma 1.4.16. Assume that {E
k
| E ∈ Excβ} = Excβ. Then SW is generated by E ∈ Excβ with
Wβ,v(E) =W .
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Lemma 1.4.17. Assume that ω belongs to a wall W . We take ω± ∈ Q>0H such that ω± are sufficiently
close to ω and (ω2−) < (ω
2) < (ω2+).
(1) Let E1 be a subobject of E ∈ SW in A(β,ω−). Then E1 ∈ SW . In particular, E ∈ SW ∩ Excβ is an
irreducible object of A(β,ω−).
(2) Let E1 be a subobject of E[1] ∈ SW [1] in A(β,ω+). Then E1 ∈ SW [1]. In particular, E[1] ∈
(SW ∩ Excβ)[1] is an irrediducible object of A(β,ω+).
Proof. We set G := G(β,ω), G± := G(β,ω±) ∈ K(X)Q.
(1) Assume that there is an exact sequence
0→ E1 → E → E2 → 0
in A(β,ω−). Then we have an exact sequence
0→ H−1(E2) ϕ→ H0(E1)→ E → H0(E2)→ 0
in C. As in the proof of Lemma 1.3.10, we see that
degG(H
−1(E2)) = degG(H
0(E1)) = degG(H
0(E2)) = 0.
Assume that E1 6= 0. Then χG−(H0(E1)) > 0 and χG−(H−1(E2)) ≤ 0. Since ω− is sufficiently close to ω,
we have
χG(imϕ) = χG(H
0(E1))− χG(H−1(E2)) ≥ −χG(H−1(E2)).
If H−1(E2) 6= 0, then rkH−1(E2) 6= 0, which implies that χG(H−1(E2)) < χG−(H−1(E2)) ≤ 0. Therefore
χG(imϕ) > 0. By the semi-stability of E and χG(E) = 0, χG(imϕ) ≤ 0, which is a contradiction. Therefore
H−1(E2) = 0 and E1 is a β-twisted semi-stable object with χG(E1) = 0. Thus E1 ∈ SW .
(2) Assume that there is an exact sequence in A(β,ω+)
0→ E1 → E[1]→ E2 → 0.
Then we have an exact sequence
0→ H−1(E1)→ E → H−1(E2) ϕ→ H0(E1)→ 0.
Assume that E2 6= 0. If H0(E1) 6= 0, then χG(H0(E1)) ≥ χG+(H0(E1)) > 0. Since ω+ is sufficiently close
to ω, we have χG(H
−1(E2)) ≤ 0. Hence χG(kerϕ) < 0, which is a contradiction. Therefore H0(E1) = 0.
Since χG(H
−1(E2)) ≤ 0, H−1(E1) and H−1(E2) are β-twisted semi-stable objects with χG(H−1(E1)) =
χG(H
−1(E2)) = 0. Therefore E1 ∈ SW [1]. 
Lemma 1.4.18. For a fixed G = G(β,ω), {E ∈ K(X) | degG(E) = χG(E) = 0} is a negative definite
sublattice of A∗alg(X). In particular, the sublattice 〈SW 〉 generated by SW is a direct sum of lattices of type
ADE.
Proof. The signature of A∗alg(X) is (2, ρ(X)). Since 〈v(G)2〉 = r20(ω2), (H2) > 0 and (H+(H, β)̺X) ⊥ v(G),
we get the claim. 
1.5. Relation with the Fourier-Mukai transforms. Let X ′ be an abelian surface or a K3 surface. Let
ΦE
∨
X→X′ : D(X) → D(X ′)
E 7→ RpX′∗(p∗X(E)⊗E∨)
be the Fourier-Mukai transform whose kernel is E ∈ D(X ×X ′). Assume that v(E|X×{x′}) = r0eβ , r0 > 0.
For simplicity, we set Φ := ΦE
∨
X→X′ . For C ∈ NS(X)Q, we set Ĉ := −c1(Φ(C + (C, β)̺X)) ∈ NS(X ′)Q. Since
Φ(eβ) = (1/r0)̺X′ and Φ(̺X) = r0e
β′ , we have
(1.14) v(Φ(E)[1]) = −r0aeβ′ − r
r0
̺X′ + (dĤ + D̂) + (dĤ + D̂, β
′)̺X′ ,
where v(E) is given by (1.7). We set b′ := (β′, Ĥ)/(Ĥ2). Then we have a diffeomorphism
IbH → Ib′Ĥ
induced by Φ. Let H′R be the space for (X
′, Ĥ) in Definition 1.4.1. We shall study the relation of HR and
H′R explicitly. For η +
√−1ω with (η,H) = 0, we set
(1.15) η˜ +
√−1ω˜ := − 2
r0((η +
√−1ω)2) (η̂ +
√−1ω̂).
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Then we have
Φ(eβ+η+
√−1ω) = Φ
(
eβ
(
1 + (η +
√−1ω) + ((η +
√−1ω)2)
2
̺X
))
= Φ
(
eβ + ((η +
√−1ω) + (η +√−1ω, β)̺X) + ((η +
√−1ω)2)
2
̺X
)
=
1
r0
̺X′ + r0
((η +
√−1ω)2)
2
eβ
′ − ((η̂ +√−1ω̂) + (η̂ +√−1ω̂, β′)̺X′)
= r0
((η +
√−1ω)2)
2
eβ
′+η˜+
√−1ω˜.
(1.16)
Hence
Z(β′+η˜,ω˜)(Φ(E)[1]) =〈eβ
′+η˜+
√−1ω˜, v(Φ(E)[1])〉
=− 2
r0((η +
√−1ω)2) 〈−Φ(e
β+η+
√−1ω), v(Φ(E)[1])〉
=− 2
r0((η +
√−1ω)2) 〈e
β+η+
√−1ω, v(E)〉
=− 2
r0((η +
√−1ω)2)Z(β+η,ω)(E).
(1.17)
Therefore HR → H′R is the correspondence given by
(1.18) (β − bH) + η +√−1ω 7→ (β′ − b′Ĥ) + η˜ +√−1ω˜.
Remark 1.5.1. Since (η,H) = 0, we have −((η +√−1ω)2) = (ω2)− (η2) > 0. We also have
((ω˜2)− (η˜2))((ω2)− (η2)) = 4
r20
.
Lemma 1.5.2. Assume that ω̂ is nef and big.
(1) The correspondence (η, ω) 7→ (η˜, ω˜) induced by Φ[1] preserves the structure of chamber.
(2) If (A(β+η,ω), Z(β+η,ω)) is a stability condition on X, then Φ[1] induces a stability condition
(Φ[1](A(β+η,ω)), Z(β′+η˜,ω˜)) on X
′.
Proof. (1) Let R′ be the set in Definition 1.4.3 associated to X ′. Then −Φ(R) = R′. By (1.17), (η, ω) ∈ Wu
if and only if (η˜, ω˜) ∈ W−Φ(u). Hence the claim holds. (2) is obvious. 
Let U be a β-twisted stable object of C with rkU = r, deg(U(−β)) = 0 and 〈v(U)2〉 = −2. We set
γ := c1(U)/r. Then v(U) = re
γ + (1/r)̺X . We set
E := Cone(U ⊠ U∨ → O∆)[−1].
Then v(E|X×{x}) = r2eγ . Since the Fourier-Mukai transform Φ[1] := Φ
E
∨[1]
X→X induces a (−2)-reflection Rv(U),
we get ξ̂ = ξ for any ξ ∈ H2(X,Q). We write γ = bH + υ, υ ∈ H⊥. Then we have a diffeomorphism
ΦH : HR → HR
η +
√−1ω + υ 7→ 2(η +
√−1ω)
r2(−(η2) + (ω2)) + υ
1.6. A small perturbation of σ(β,ω) = (A(β,ω), Z(β,ω)). We take η ∈ NS(X)Q with (H, η) = 0. We shall
study the perturbed stability condition σ(β+η,ω) of σ(β,ω). Since
(c1(E)− (rkE)(β + η), H) = (c1(E)− (rkE)β,H)
for E ∈ D(X), (Tµ,Fµ) and Aµ do not depend on the choice of η. Since
eβ+η+
√−1ω =eβ+
√−1ω + η + (η, β +
√−1ω)̺X + (η
2)
2
̺X
=eβ+
√−1ω + η + (η, β)̺X +
(η2)
2
̺X ,
we have
Z(β+η,ω)(E) = Z(β,ω)(E) + 〈η + (η, β)̺X , v(E)〉 − (η
2)
2
rkE
= (−a+ (η,D)− (η
2)
2
r) + r
(ω2)
2
+
√−1d(H,ω).
(1.19)
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Lemma 1.6.1. Assume that η satisfies
(1.20) − (η2) < min{r2(ω2)2/8, (ω2)}.
Let E be a (β+η)-twisted stable object of C with deg(E(−β)) = 0. If χ(E(−β)) ≤ 0, then Z(β+η,ω)(E) ∈ R>0.
Proof. We set
v(E) = reβ + a̺X + (D + (D, β)̺X), D ∈ H⊥.
Then a = χ(E(−β)) ≤ 0. Since −2 ≤ 〈v(E)2〉 = −2ra + (D2), we have −(D2) ≤ 2(1 − ra). Since H⊥ is
negative definite, the Schwarz inequality implies that
(1.21) |(η,D)| ≤
√
−(η2)
√
−(D2) ≤
√
−2(η2)(1 − ra).
Then we see that (
−a+ (ω
2)− (η2)
2
r
)2
− (−2(η2)(1 − ra))
≥(−a)((ω2)− (η2))r − 2(−(η2))r(−a) +
(
(ω2)− (η2)
2
r
)2
− 2(−(η2))
=r(−a)((ω2) + (η2)) +
(
(ω2)− (η2)
2
r
)2
− 2(−(η2)) > 0,
(1.22)
where we used the inequalities (ω2) + (η2) > 0 and ((ω2)r/2)2 > 2(−(η2)) coming from (1.20). Hence we
have
|(η,D)| < −a+ (ω
2)− (η2)
2
r.
Thus we get
Z(β+η,ω)(E) =(−a+ (η,D)−
(η2)
2
r) + r
(ω2)
2
> 0.

Lemma 1.6.2. Under the assumption in Lemma 1.6.1, F ⊂ F(β+η,ω).
Proof. Let E be an object of F with
v(E) = reβ + a̺X + (D + (D, β)̺X), a ≤ 0.
We take a (β + η)-twisted stable subobject E1 of E such that
χ(E1(−β − η))
rkE1
= max
{
χ(F (−β − η))
rkF
∣∣∣F ⊂ E, deg(F (−β)) = 0} .
We set
v(E1) = r1e
β + a1̺X + (D1 + (D1, β)̺X).
Since E1 ∈ F and deg(E1(−β)) = 0, a1 ≤ 0. Then
Z(β+η,ω)(E1) =
(−a1 + (η,D1) + (η2)
2
r1
)
+ r1
(ω2)
2
> 0,
which implies that E ∈ F(β+η,ω). 
Lemma 1.6.3. Let E be a µ-semi-stable object of C with v(E) = reβ +a̺X +D+(D, β)̺X , a > 0. Assume
that −(η2) < 1/(2r20r5).
(1) Let E1 be a subobject of E. Then
χ(E(−β − η))
rkE
<
(>)
χ(E1(−β − η))
rkE1
if
χ(E(−β))
rkE
<
(>)
χ(E1(−β))
rkE1
.
(2) E is (β + η)-twisted semi-stable if and only if E is β-twisted semi-stable and
−〈v(F ), η + (η, β)̺X〉
rkF
≤ −〈v(E), η + (η, β)̺X〉
rkE
for any subobject F with χG(F (n))/ rkF = χG(E(n))/ rkE.
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Proof. Let E1 be a µ-semi-stable object of E and E2 := E/E1. We set
v(Ei) = rie
β + ai̺X + (Di + (Di, β)̺X), Di ∈ NS(X)Q ∩H⊥ (i = 1, 2).
By [KY, Lem. 1.1], we have
〈v(E)2〉
r
=
2∑
i=1
〈v(Ei)2〉
ri
−
2∑
i=1
ri
(
Di
ri
− D
r
)2
.
Since 〈v(Ei)2〉 ≥ −2r2i and 〈v(E)2〉 = −2ra+ (D2) < 0, we get
2r ≥ −
2∑
i=1
ri
(
Di
ri
− D
r
)2
.
Since D2/r2 −D/r = −(r1/r2)(D1/r1 −D/r), we get
2r ≥ −rr1
r2
(
D1
r1
− D
r
)2
.
Hence we have ∣∣∣∣(Dr − D1r1 , η
)∣∣∣∣ ≤
√
−
(
D1
r1
− D
r
)2√
−(η2) ≤
√
2r
√
−(η2) < 1
r0r2
and
χ(E(−β − η))
rkE
− χ(E1(−β − η))
rkE1
=
−〈v(E), eβ + η + (η, β)̺X〉
r
− −〈v(E1), e
β + η + (η, β)̺X〉
r1
=
(
a
r
− a1
r1
)
−
(
D
r
− D1
r1
, η
)
.
(1.23)
Assume that a/r − a1/r1 6= 0. Since |a/r − a1/r1| ≥ 1/r0r2, (1) holds. We note that
−
(
D
r
− D1
r1
, η
)
=
−〈v(E), η + (η, β)̺X〉
r
− −〈v(E1), η + (η, β)̺X〉
r1
.
Then (2) follows from (1) and (1.23). 
We note that Rβ is a finite set (Lemma 1.4.6).
Definition 1.6.4. We set N := minv(E)∈Rβ{1/(2r20r5)}. Assume that −(η2) < N . Let U be the set of
(β + η)-twisted stable objects U of C with deg(U(−β)) = 0 and χ(U(−β)) > 0.
U ∈ U are (β + tη)-twisted stable for 0 < t ≤ 1 and
χ(U(−β − η))
rkU
≤ χ(U
′(−β − η))
rkU ′
if and only if
χ(U(−β))
rkU
<
χ(U ′(−β))
rkU ′
or
χ(U(−β))
rkU
=
χ(U ′(−β))
rkU ′
,
−〈v(U), η + (η, β)̺X〉
rkU
≤ −〈v(U
′), η + (η, β)̺X〉
rkU ′
for U,U ′ ∈ U.
Corollary 1.6.5. Let E be a µ-semi-stable object of C with v(E) = reβ + a̺X +D+ (D, β)̺X . For E ∈ T,
let
0 ⊂ F1 ⊂ F2 ⊂ · · · ⊂ Fs = E
be the Harder-Narasimhan filtration with respect to (β+η)-twisted semi-stability. Then Fi/Fi−1 are generated
by U ∈ U with
χ(U(−β − η))
rkU
=
χ(Fi/Fi−1(−β − η))
rkFi/Fi−1
.
Proof. Since E ∈ T, we have a > 0. We take the Harder-Narasimhan filtration
0 ⊂ F1 ⊂ F2 ⊂ · · · ⊂ Fs = E
with respect to (β+η)-twisted semi-stability. By Lemma 1.6.3 (1), χ(F1(−β))/ rkF1 ≥ a/r > 0. Since E ∈ T,
we have E/F1 ∈ T, which implies that χ(E/F1(−β)) > 0. Then inductively we see that χ(Fi/Fi−1(−β)) > 0
for all i. Hence the claim holds. 
Proposition 1.6.6. (1) F(β+η,ω) is generated by F and U ∈ U with Z(β+η,ω)(U) > 0.
(2) T(β+η,ω) is generated by T
µ and U ∈ U with Z(β+η,ω)(U) < 0.
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Proof. (1) For E ∈ F(β+η,ω), we have an exact sequence
0→ E1 → E → E2 → 0
in C such that E1 ∈ T ∩ F(β+η,ω) and E2 ∈ F. Then E1 is a µ-semi-stable object with degG(E1) = 0. Since
E1 ∈ T, Corollary 1.6.5 implies that E1 is generated by U ∈ U with Z(β+η,ω)(U) > 0.
(2) For E ∈ T(β+η,ω), we have an exact sequence
0→ E1 → E → E2 → 0
in C such that E1 ∈ Tµ and E2 ∈ Fµ ∩ T(β+η,ω). If there is a quotient E2 → F of E2 with F ∈ F, then
Lemma 1.6.2 implies that F ∈ F(β+η,ω). Hence we get F = 0, which implies that E2 ∈ T. By Corollary 1.6.5,
E2 is generated by U ∈ U with Z(β+η,ω)(U) < 0. 
By Lemma 1.6.3, we have Excβ ⊂ U and every U ∈ U is β-twisted semi-stable. Hence U ⊂ ∪WSW .
Proposition 1.6.7. Let I := {tH | a ≤ t ≤ b} be a closed interval of R>0H. Then for a sufficiently small
η := ηI ∈ H⊥ ∩ NS(X)Q, we have the following claims:
(1) If I does not intersect with any wall, then A(β+η,ω) = A(β,ω) for all ω ∈ I.
(2) Assume that the interior of I intersects with exactly one wall W . We take ω± ∈ I ∩Q>0H such that
ω± are separated by W and ω− < ω+. Assume that ω ∈ I ∩Q>0H satisfies Z(β+η,ω)(E) 6= 0 for all
E with v(E) ∈ R. Then
(a) F(β+η,ω) is generated by F(β,ω−) and U ∈ U ∩SW with Z(β+η,ω)(U) > 0.
(b) T(β+η,ω) is generated by T(β,ω+) and U ∈ U ∩SW with Z(β+η,ω)(U) < 0.
Proof. We set Exc∗β := ∩ω∈I{E ∈ Excβ | Z(β,ω)(E) 6= 0}. Since |Z(β,ω)(E)| > 0 on I for all E ∈ Exc∗β,
N := min{|Z(β,ω)(E)| | E ∈ Exc∗β}
is a positive real number. Then we can take a sufficiently small η with N > 〈v(E), η+(η, β)̺X〉−(η2) rkE/2
for all E ∈ Excβ . For E ∈ Exc∗β, we have
(1.24)
{
Z(β+η,ω)(E) > 0, if Z(β,ω)(E) > 0,
Z(β+η,ω)(E) < 0, if Z(β,ω)(E) < 0
by (1.19).
(1) By the assumption, Exc∗β = Excβ. Hence the claim follows from (1.24).
(2) In this case, Exc∗β = Excβ \SW . By (1.24), F(β,ω−) ⊂ F(β+η,ω) and T(β,ω+) ⊂ T(β+η,ω). 
Corollary 1.6.8. In the notation of Proposition 1.6.7 (2), we choose η such that Z(β+η,aH)(E) < 0 <
Z(β+η,bH)(E) for E ∈ Excβ ∩SW . Then A(β+η,aH) = A(β,ω−) and A(β+η,bH) = A(β,ω+).
Proof. We first note that Excβ ∩SW ⊂ U ∩ SW ⊂ SW and Excβ ∩SW generate the category SW . By
Proposition 1.6.7 (2), T(β+η,aH) = T(β,ω−) if and only if Z(β+η,aH)(U) < 0 for U ∈ U ∩ SW . Hence
T(β+η,aH) = T(β,ω−), which implies that A(β+η,aH) = A(β,ω−). The proof of A(β+η,bH) = A(β,ω+) is similar.

Corollary 1.6.9. A(bH+η,ω) depends only on the chamber where (η, ω) belongs.
Proof. It is sufficient to prove that A(bH+η,ω) is locally constant on HR \∪u∈RWu. By Proposition 1.6.7 (1),
the claim holds. 
Proposition 1.6.10. Assume that C1 and C2 are chambers separated by exactly one wall Wu with rku > 0.
(1) Ru (cf. (1.3)) induces a bijection C1 ∼−→ C2.
(2) For (ηi, ωi) ∈ Ci, i = 1, 2, we set βi := bH + ηi. Then the stability conditions (A(β1,ω1), Z(β1,ω1)) and
(A(β′2,ω′2), Z(β′2,ω′2)) are equivalent, where (β
′
2, ω
′
2) ∈ C2 and Ru((β1, ω1)) = (β′2, ω′2).
Proof. (1) is a consequence of Lemma 1.5.2.
(2) By Corollary 1.6.9, we may assume that η2 = η1, (ω
2
1) < (ω
2
2). We set β := bH + η1. Let U be
a β-twisted semi-stable object of C with v(U) = u. Since Wu is the unique wall separating (η1, ω1) and
(η2, ω2), U is β-twisted stable. Then U is an irreducible object of A(β,ω1) and U [1] is an irreducible object
of A(β,ω2). We shall prove that Φ
−1
U induces an equivalence A(β,ω1) → A(β,ω2).
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We first note that O∨∆ = O∆[−2]. Let E be an object of A(β,ω1). Since Φ−1U (U) = U [1], we have
Hom(Φ−1U (E)[1], U) = Hom(E[1], U [−1]) = 0. We have an exact sequence in C:
0 −→ Hom(U,E)⊗ U
−→ H−1(Φ−1U (E)) −→ H−1(E) −→ Ext1(U,E)⊗ U
−→ H0(Φ−1U (E)) −→ H0(E)
ψ−−→ Ext2(U,E)⊗ U
−→ H1(Φ−1U (E)) −→ H1(E) = 0
By Lemma 1.4.17 and Hom(H1(Φ−1U (E)), U) = Hom(Φ
−1
U (E)[1], U) = 0, ψ is a surjective morphism in
A(β,ω1), which also implies the surjectivity of ψ in C. Therefore H
1(Φ−1U (E)) = 0. Then we see that
H−1(Φ−1U (E)) ∈ F(β,ω2) and H0(Φ−1U (E)) ∈ T(β,ω1). Since Hom(Φ−1U (E), U) = Hom(E,U [−1]) = 0, we also
have Hom(H0(Φ−1U (E)), U) = 0. Hence H
0(Φ−1U (E)) ∈ T(β,ω2) and Φ−1U (E) is an object of A(β,ω2). Thus
Φ−1U (A(β,ω1)) ⊂ A(β,ω2), which implies the claim. 
Corollary 1.6.11. Assume that neither (β1, ω1) nor (β2, ω2) belongs to any wall. Then A(β1,ω1) is equivalent
to A(β2,ω2).
1.7. Moduli of stable objects for isotropic Mukai vectors. Let v ∈ Q>0ebH+η∩A∗alg(X) be a primitive
isotropic Mukai vector. Assume that 〈v, u〉 6= 0 for all u ∈ R. Then M bH+ηH (v) is a projective K3 surface
by [Mu1]. Since H is not a general polarization, M bH+ηH (v) may not contain slope stable objects. In this
subsection, we shall relate M bH+ηH (v) to the moduli of slope stable objects as an application of the chamber
structure.
Let
It := η +
√−1tω (0 ≤ t ≤ t0)
be a segment of VH (see (1.11)) such that It, 0 < t < t0 belongs to a chamber and It0 belongs to a wall. Let
{Wui | ui ∈ R, 1 ≤ i ≤ n} be the set of all walls containing It0 . Then
〈ebH+It , u〉 < 0 for all 0 ≤ t < t0, u ∈ R, and 〈ebH+It0 , ui〉 = 0 for 1 ≤ i ≤ n.
We have an auto-equivalence Φ : D(X)→ D(X) inducing an equivalence Φ : A(bH+η,t−ω) → A(bH+η,t+ω),
where t− < t0 < t+ and t+ − t− ≪ 1. For a sufficiently small ξ ∈ H⊥, let Ui be (bH + η + ξ)-twisted stable
objects of v(Ui) = ui (1 ≤ i ≤ n). Then Φ is a composite of reflections Φ−1Ui , 1 ≤ i ≤ n. Hence Φ induces an
isomorphism ΦH : HR → HR.
ΦH(It) (0 < t < t0) is contained in a chamber. We set η
′ := ΦH(η). We set I ′t := η
′ +
√−1tω and assume
that I ′t, 0 < t < t1 is contained in a chamber. We take t, t
′ ∈ R such that 0 < t < t0 and 0 < t′ < t1. Then
there is no wall between ΦH(η +
√−1tω) and η′ +√−1t′ω. The proof is the following: if the two points are
separated by a wall Wu, then 〈ebH+ΦH(η+
√−1tω), u〉 and 〈ebH+η′+
√−1t′ω, u〉 have different signatures. Since
the two points are connected by the curve
Js :=
{
ΦH(It−s), 0 ≤ s ≤ t
I ′s−t, t ≤ s ≤ t+ t′
and 〈ebH+η′ , u〉 6= 0, 〈ebH+ΦH(η+
√−1sω), u〉 = 0, 0 < s < t or 〈ebH+η′+
√−1sω, u〉 = 0, 0 < s < t′, which is
a contradiction. Therefore the claim holds. Then we have A(bH+η,t+ω) = A(bH+ηt,ωt) = A(bH+η′,t′ω), where
ηt +
√−1ωt = ΦH(η +
√−1tω), 0 < t < t0 and 0 < t′ < t1.
Then Φ induces an isomorphism M bH+ηH (v) → M bH+η
′
H (Φ(v)) by Lemma 1.3.10. Continuing this proce-
dure, we get an isomorphism M bH+ηH (v)→M bH+η
′
H (Φ(v)) such that M
bH+η′
H (Φ(v)) parametrizes irreducible
objects of Aµ. In particular, M bH+η
′
H (Φ(v)) consists of slope stable objects or 0-dimensional objects.
Example 1.7.1. Let X be the elliptic K3 surface in Example 1.4.14. Using the same notation, we shall
describe the universal family for M
D/2
H (4e
D/2). Let It := D/2 + tH (0 ≤ t ≤ 1) be a segment in VH . Then
It meets the walls at t = (2
√
3)−1. We take a small perturbation I˜t = x(t)D + tH of It so that x(t) < 1/2
in a neighborhood of t = (2
√
3)−1. Then ΦOX(D)ΦE1ΦOX (O∆) is the universal family on X ×MD/2H (4e
D
2 ).
We also have the universal family ΦE1ΦOX (O∆) on X ×MD/3H (3e
D
3 ).
2. Relation of Gieseker’s stability and Bridgeland’s stability
2.1. Some numerical conditions. We shall discuss numerical conditions which relate Gieseker’s stability
with Bridgeland’s stability.
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For a fixed Mukai vector v ∈ A∗alg(X), let us recall the expression of v defined in (1.7):
v = reβ + a̺X + (dH +D + (dH +D, β)̺X), D ∈ H⊥ ∩ NS(X)Q.(2.1)
In the same way, for E1 ∈ D(X), we set
v(E1) = r1e
β + a1̺X + (d1H +D1 + (d1H +D1, β)̺X), D1 ∈ H⊥ ∩ NS(X)Q.(2.2)
We will use these notations freely in this section.
We consider the following conditions for v:
(⋆1) (1) r ≥ 0, d > 0 and (2) dr1 − d1r > 0 implies (dr1 − d1r)(ω2)/2− (da1 − d1a) > 0 for all E1 with
0 < d1 < d and 〈v(E1)2〉 ≥ −2.
(⋆2) (1) r ≥ 0, d < 0 and (2) dr1 − d1r < 0 implies (dr1 − d1r)(ω2)/2− (da1 − d1a) < 0 for all E1 with
d < d1 < 0 and 〈v(E1)2〉 ≥ −2.
(⋆3) (1) r ≥ 0, d < 0 and (2) dr1−d1r ≤ 0 implies (dr1−d1r)(ω2)/2− (da1−d1a) ≤ 0 and the inequality
is strict if dr1 − d1r < 0 for all E1 with d ≤ d1 ≤ 0 and 〈v(E1)2〉 ≥ −2.
Remark 2.1.1. (1) Since (dr1−d1r)(H2) = (c1(E⊗E∨1 ), H), the condition (⋆1) says that µ(E) > µ(E1)
implies φ(E1) > φ(E), and the condition (⋆2) says that µ(E) < µ(E1) implies φ(E1) < φ(E).
(2) (⋆1) for v is equivalent to (⋆2) for v∨.
(3) Assume that (⋆3) holds for v. Let E be an object of C with v(E) = v. Then E is µ-semi-stable if
and only if E is β-twisted semi-stable. Moreover E is a local projective object of C.
Assume that E is µ-semi-stable and take a Jordan-Ho¨lder filtration with respect to the µ-stability
0 ⊂ F1 ⊂ F2 ⊂ · · · ⊂ Fs = E.
We set
v(Fi/Fi−1) = rieβ + ai̺X + (diH +Di + (diH +Di, β)̺X).
Then di/ri = d/r. By (⋆3), we get ai/ri ≤ a/r for all i. Hence ai/ri = a/r for all i. Thus E is
β-twisted semi-stable. We set Ei := Fi/Fi−1 and assume that Ext1(Ei, A) 6= 0 for an irreducible
object A of C. Since Ext1(A,Ei) ∼= Ext1(Ei, A)∨, we have a non-trivial extension
0→ Ei → F → A→ 0.
Then F is a µ-stable object. Applying (⋆3) to v(F ) = v(Ei)+ b̺X +(D
′+(D′, β)̺X), b > 0, we get
(ai+b)/ri ≤ a/r, which is a contradiction. Therefore Ext1(Ei, A) = 0 for all i. Then Ext1(E,A) = 0
and E is a local projective object.
Lemma 2.1.2. Let N(v) := N be the number in [Y6, Proposition 2.8]. Assume that d > N(v). Then (⋆1)
holds for v and (⋆3) holds for w = r0ae
β + (r/r0)̺X − (dH +D + (dH +D, β)̺X).
Proof. If dr1 − d1r > 0, then [Y6, Lemma 2.9 (2)] implies that (da1 − d1a) < 0. Hence (dr1 − d1r)(ω2)/2−
(da1 − d1a) > 0. Thus (⋆1) holds.
Note that (−d)a1−(−d1)a = d1a−da1 and (−d)r1−(−d1)r = d1r−dr1. Hence (−d)a1−(−d1)a ≤ 0 implies
((−d)a1− (−d1)a)(ω2)/2− ((−d)r1− (−d1)r) ≤ 0. Moreover the inequality is strict, if (−d)a1− (−d1)a < 0.
Therefore (⋆3) holds. 
Definition 2.1.3. We set
dmin :=
1
(H2)
min{deg(E(−β)) > 0 | E ∈ K(X)} ∈ 1
d[(β,H)](H2)
Z,
where d[x] is the denominator of x ∈ Q. Then d ∈ Zdmin for any v(E) with (1.7).
Example 2.1.4. In Example 1.4.13, dmin =
√
r0(H
2)/r0(H
2) = 1/
√
r0.
Lemma 2.1.5. If d = dmin, then (⋆1) holds for v = v(E), E ∈ A and (⋆2) holds for v∨.
Proof. For any E1 ∈ D(X) with (2.2), d1 ≤ 0 or d1 ≥ dmin. Hence the claim follows. 
Lemma 2.1.6. For a fixed Mukai vector v, if (ω2)≫ 0, then (⋆1) holds.
Proof. Assume that (⋆1) does not hold. Then there is an object E1 with (2.2) such that
dr1 − d1r > 0, (dr1 − d1r) (ω
2)
2
≤ da1 − d1a,
0 < d1 < d and 〈v(E1)2〉 ≥ −2ε. Since r ≥ 0 and d, d1 > 0, r1 > rd1/d ≥ 0. We set
δ :=
1
(H2)
min{(D,H) > 0 | D ∈ Pic(X)}.
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Then dr1 − d1r ≥ δ. Assume that r > 0. Then we get
a =
d2(H2)− (〈v2〉 − (D2))
2r
, a1 ≤ d
2
1(H
2) + 2ε
2r1
.
Hence
(dr1 − d1r) (ω
2)
2
− (da1 − d1a)
≥ (dr1 − d1r) (ω
2)
2
− dd
2
1(H
2) + 2ε
2r1
+ d1
d2(H2)− (〈v2〉 − (D2))
2r
= (dr1 − d1r) (ω
2)
2
+ (dr1 − d1r)dd1
rr1
(H2)
2
− 1
rr1
(
drε+ d1r1
〈v2〉 − (D2)
2
)
.
Thus we have
δ
(ω2)
2
≤ dε
r1
+
d1
2r
(〈v2〉 − (D2)) ≤ max
{
dε, dε+
d− dmin
2r
(〈v2〉 − (D2))
}
.
If r = 0, then
(dr1 − d1r) (ω
2)
2
− (da1 − d1a) ≥ dr1 (ω
2)
2
− dd
2
1(H
2) + 2ε
2r1
+ d1a
≥ dr1 (ω
2)
2
− (d− dmin)d2 (H
2)
2
− d
r1
ε− (d− dmin)|a|.
Hence
δ
(ω2)
2
≤ dε+ (d− dmin)
2
(〈v2〉 − (D2)) + d|a|.
These mean that (ω2) is bounded above. 
Lemma 2.1.7. For E,E1 ∈ D(X) with v(E) = v and v(E1) expressed as (2.1) and (2.2), we have
Σ(β,ω)(E,E1) = (H,ω)
(
(rd1 − r1d) (ω
2)
2
− (ad1 − a1d)
)
.
In particular, φ(E1) ≥ φ(E) if and only if
(rd1 − r1d) (ω
2)
2
− (ad1 − a1d) ≥ 0.
Proof. The claim follows from the equalities
Σ(β,ω)(E,E1) =det
(
−a+ r (ω2)2 −a1 + r1 (ω
2)
2
d(H,ω) d1(H,ω)
)
=(H,ω)
(
(rd1 − r1d) (ω
2)
2
− (ad1 − a1d)
)
.
(2.3)

2.2. Gieseker’s stability and Bridgeland’s stability.
Proposition 2.2.1. Assume that (⋆1) holds. For an object E of D(X) with v(E) = v, E is a β-twisted
semi-stable object of C if and only if E is a semi-stable object of Aµ.
Proof. (1) We shall use the expression (2.1) for v. Assume that E ∈ C is β-twisted semi-stable. We first
assume that r > 0. Let ϕ : E1 → E be a stable subobject of E and take the expression (2.2). Then E/E1
belongs to Aµ. Since H−1(E/E1) and E are torsion free objects of C, r1 > 0. Since A(β,ω) = Aµ, r1 > 0
implies d1 > 0. We set
v(H−1(E/E1)) = r′eβ + a′̺X + (d′H +D′ + (d′H +D′, β)̺X), D′ ∈ H⊥ ∩ NS(X)Q.(2.4)
Then d′ ≤ 0. Let E′ be the image of ϕ in C. Then d1/r1 ≤ (d1 − d′)/(r1 − r′) ≤ d/r, so that
d1 ≤ d1 − d′ ≤ d(r1 − r
′)
r
≤ d.
If d1 = d, then degG(E/E1) = r0(H
2)(d−d1) = 0. Hence φ(E/E1) = 1 > φ(E), which implies that φ(E1) <
φ(E). So we assume d1 < d. If d1/r1 = d/r, then (r
′, d′) = (0, 0), which implies that H−1(E/E1) = 0.
Assume that d1/r1 < d/r. Then (⋆1) implies that (dr1−d1r)(ω2)/2−(da1−d1a) > 0. If d1/r1 = d/r, then β-
twisted semi-stability of E implies that a1/r1 ≤ a/r, which also means that (dr1−d1r)(ω2)/2−(da1−d1a) ≥
0. By Lemma 2.1.7, φ(E1) ≤ φ(E). Thus E is a semi-stable object of Aµ.
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We next assume that r = 0. Let ϕ : E1 → E be a stable subobject of E and take the expression (2.2).
Then E/E1 belongs to A
µ. Again we take the expression (2.4) of v(H−1(E/E1)). Then d′ ≤ 0. Let E′ be
the image of ϕ in C. Then
d ≥ d1 − d′ ≥ d1 ≥ 0.
If d = d1, then we see that φ(E/E1) = 1 > φ(E). Hence φ(E1) < φ(E). So let us assume d > d1. If
d1 = 0, then E1 is a 0-dimensional object. Since E is purely 1-dimensional and H
−1(E/E1) is torsion
free, E′ = 0 and H−1(E/E1) = 0. Thus E1 = 0. Assume that d1 > 0. If r1 > 0, then (⋆1) implies that
(dr1 − d1r)(ω2)/2 + d1a − da1 > 0. Therefore φ(E1) < φ(E). If r1 = 0, then H−1(E/E1) = 0 and the
β-twisted semi-stability of E implies that a1/d1 ≤ a/d. Therefore φ(E1) ≤ φ(E).
(2) Conversely assume that E ∈ Aµ is semi-stable. We first assume that r > 0. We set
v(H0(E)) = r′eβ + a′̺X + (d′H +D′ + (d′H +D′, β)̺X), D′ ∈ H⊥ ∩ NS(X)Q(2.5)
v(H−1(E)) = r′′eβ + a′′̺X + (d′′H +D′′ + (d′′H +D′′, β)̺X), D′′ ∈ H⊥ ∩ NS(X)Q.(2.6)
Then d′ ≥ 0 and d′′ ≤ 0. Let H0(E)→ E2 be a quotient in C such that E2 is a β-twisted stable object with
v(E2) = r2e
β + a2̺X + (d2H +D2 + (d2H +D2, β)̺X), d
′/r′ ≥ d2/r2
and ker(H0(E)→ E2) ∈ Tµ ⊂ Aµ. Since H0(E) ∈ Tµ and rkH0(E) ≥ r > 0, we get d2 > 0. Then E → E2
is surjective in Aµ. Let E1 be the kernel of E → E2 in Aµ. Since E is semi-stable, φ(E) ≤ φ(E2), which
implies that (da2 − d2a) ≥ (dr2 − d2r)(ω2)/2. We have d/r = (d′ − d′′)/(r′ − r′′) ≥ d′/r′ ≥ d2/r2, so that
d = d′ − d′′ ≥ d′ ≥ d2r′/r2 ≥ d2.
If d2 = d, then degG(E1) = 0 and φ(E1) = 1 > φ(E). Therefore d2 < d. If d/r > d2/r2, then (⋆1)
implies that (da2 − d2a) < (dr2 − d2r)(ω2)/2. Therefore d2/r2 = d/r and (r′′, d′′) = (0, 0). In particular,
H−1(E) = 0. Then da2 − d2a ≥ 0 implies that a2/r2 ≥ a/r. Therefore E is β-twisted semi-stable.
We next assume that r = 0. We take the expression of v(H0(E)) and (H−1(E)) as (2.5) and (2.6). Then
d′ ≥ 0 and d′′ ≤ 0. Assume that r′ > 0. Let H0(E) → E2 be a quotient in C such that E2 is a β-twisted
stable object with
v(E2) = r2e
β + a2̺X + (d2H +D2 + (d2H +D2, β)̺X), d
′/r′ ≥ d2/r2
and ker(H0(E) → E2) ∈ Tµ ⊂ Aµ. Then E → E2 is surjective in Aµ. Since H0(E) ∈ Tµ, we see that
d2 > 0. Let E1 be the kernel of E → E2 in Aµ. Since E is semi-stable, φ(E) ≤ φ(E2), which implies that
(da2 − d2a) ≥ (dr2 − d2r)(ω2)/2. We have d = d′ − d′′ ≥ d′ ≥ d2r′/r2 ≥ d2. Since dr2 − d2r = dr2 > 0, (⋆1)
implies that (da2− d2a) < (dr2− d2r)(ω2)/2, which is a contradiction. Therefore r′ = r′′ = 0. In particular,
H−1(E) = 0. Let E2 be a β-twisted stable quotient object of E with
v(E2) = a2̺X + (d2H +D2 + (d2H +D2, β)̺X), a/d > a2/d2.
Then φ(E) ≤ φ(E2) implies da2−d2a ≥ 0, which is a contradiction. Therefore E is β-twisted semi-stable. 
Lemma 2.2.2. Assume that (⋆3) holds. For an object E of D(X) with v(E) = v, E is a β-twisted semi-stable
object of C if and only if E[1] is a semi-stable object of A(β,ω).
Proof. We shall use the expression (2.1) for v. Assume that E ∈ C is β-twisted semi-stable. Then E[1] ∈
A(β,ω). We consider an exact sequence
0→ F1[1]→ E[1]→ F2[1]→ 0
in A(β,ω) such that F2[1] ∈ A(β,ω) is a stable quotient object of E[1]. Then H0(F2[1]) = 0. We set
v(F2) = r2e
β + a2̺X + (d2H +D2 + (d2H +D2, β)̺X), D2 ∈ H⊥ ∩ NS(X)Q.
Let F ′ be the image of E → H−1(F2[1]) = F2 in C. We set
v(F ′) = r′eβ + a′̺X + (d′H +D) + (d′H +D′, β)̺X , D′ ∈ H⊥ ∩ NS(X)Q.
Then d/r ≤ d′/r′ ≤ d2/r2. Thus rd2 − r2d ≥ 0. Moreover if d′/r′ = d2/r2, then H0(F1[1]) = F2/F ′ is a
0-dimensional object. If d2 = 0, then Z(β,ω)(F2[1]) ∈ R<0. Hence φ(E[1]) < 1 = φ(F2[1]). So we assume
that d2 < 0. We note that d2 ≥ d′ ≥ dr′/r ≥ d. If rd2 − r2d > 0, then (⋆3) implies that φ(F2[1]) > φ(E[1]).
If rd2 − r2d = 0, then (⋆3) implies that da2 − d2a ≥ 0. Therefore E[1] is semi-stable. Moreover we see that
E[1] is stable if E is β-twisted stable.
Conversely let E[1] be a semi-stable object of A(β,ω). We shall prove that E is a β-twisted semi-stable
object of C. We set
v(H−1(E[1])) =r′′eβ + a′′̺X + (d′′H +D′′ + (d′′H +D′′, β)̺X),
v(H0(E[1])) =r′eβ + a′̺X + (d′H +D′ + (d′H +D′, β)̺X).
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Then r = r′′ − r′, d = d′′ − d′ and a = a′′ − a′. We also have d′′/r′′ ≥ d/r and if the equality holds, then
r′ = d′ = 0. Let F1 be a β-twisted stable subobject of H−1(E[1]) such that
v(F1) = r1e
β + a1̺X + (d1H +D1 + (d1H +D1, β)̺X), d1/r1 ≥ d′′/r′′
and H−1(E[1])/F1 ∈ F(β,ω). Then d1/r1 ≥ d/r and F1[1] → E[1] is injective in A(β,ω). If d1 = 0,
then Z(β,ω)(F1[1]) ∈ R<0, which implies that φ(F1[1]) = 1 > φ(E[1]). Therefore d1 < 0. We note that
d1 ≥ d′′r1/r′′ ≥ d′′ ≥ d. Moreover if d1 = d, then r1 = r′′, d1 = d′′ = d and d′ = 0. If d1/r1 > d/r, then (⋆3)
implies that φ(F1[1]) > φ(E[1]), which is a contradiction. Therefore d1/r1 = d/r. Then we have r
′ = d′ = 0
and a′ ≥ 0. By (⋆3) and d1/r1 = d/r, we get a1d − ad1 ≥ 0. If a1/r1 ≥ a′′/r = (a + a′)/r, then we have
a1d − ad1 ≤ 0. Hence a1/r1 = (a + a′)/r = a/r, which implies that a′ = 0. Therefore H0(E[1]) = 0 and E
is β-twisted semi-stable. 
In order to treat the case (⋆2), it is necessary to consider another category CD given in Definition 2.2.5.
We start with the next lemma.
Lemma 2.2.3. Let F be an object of A(β,ω).
(1) If F is a semi-stable object with φ(F ) < 1, then Hom(A,F ) = 0 for all 0-dimensional object A of C.
(2) For F ∈ A(β,ω), Hom(A,F ) = 0 for all 0-dimensional object A of C if and only if F is represented
by a complex ϕ : U−1 → U0 such that U−1 and U0 are local projective objects of C.
Proof. (1) Let A be a 0-dimensional object of C. Then A ∈ A(β,ω) and φ(A) = 1. Since φ(F ) < 1, we get
Hom(A,F ) = 0.
(2) Assume that F ∈ A(β,ω) satisfies Hom(A,F ) = 0 for all 0-dimensional object A of C. Let G be a
local projective generator of C. Since Ext1(G(−n), H−1(F )[1]) = Ext2(G(−n), H−1(F )) = 0 for n ≫ 0,
we have a morphism G(−n)⊕N → F which induces a surjective morphism G(−n)⊕N → H0(F ). We set
U0 := G(−n)⊕N and set U−1 := Cone(U0 → F )[−1]. By the exact triangle
U−1
ϕ→ U0 → F → U−1[1],
Hi(U0) = 0, i 6= 0 and Hi(F ) = 0, i 6= −1, 0 imply that Hi(U−1) = 0 for i 6= 0. Hence U−1 ∈ C.
We shall prove that U−1 is a local projective object of C. By [Y8, Rem. 1.1.34], it is sufficient to show
Hom(U−1, A) = 0 for all 0-dimensional object A of C. By the exact triangle
(2.7) U−1 → U0 → F → U−1[1],
we have an exact sequence
(2.8) Hom(A,F )→ Ext1(A,U−1)→ Ext1(A,U0).
Since U0 is a local projective object of C and A is a 0-dimensional object of C, we have Ext
1(A,U0) =
Ext1(U0, A)
∨ = 0. By the assumption, we also have Hom(A,F ) = 0. Therefore we get Ext1(U−1, A) =
Ext1(A,U−1)∨ = 0.
Conversely assume that F is represented by a complex U−1 → U0 such that U−1, U0 are local projective
objects. Let A be a 0-dimensional object of C. By the exact triangle (2.7) and Hom(A,U0) = Ext
1(A,U−1) =
0, we have Hom(A,F ) = 0. 
Remark 2.2.4. Assume that rkE < 0 and (c1(E), H) > 0. Then φ(E) < 1. If E is semi-stable, then H
−1(E)
is a local projective object. Indeed for a 0-dimensional object A of C, by using the exact sequence
0→ H−1(E)[1]→ E → H0(E)→ 0,
we have an exact sequence
Hom(A,H0(E)[−1])→ Hom(A,H−1(E)[1])→ Hom(A,E).
Therefore Hom(A,H−1(E)[1]) = 0.
Definition 2.2.5 ([Y8, Lem. 1.1.14]). Let G be a local projective generator of C. Then we have an abelian
category
CD := {E ∈ D(X) | Hi(E) = 0 (i 6= −1, 0), π∗(G⊗H−1(E)) = 0, R1π∗(G⊗H0(E)) = 0}.
Since G∨ is a local projective generator of CD, G∨-twisted semi-stability and (−β)-twisted semi-stability are
defined by Definition 1.2.5.
Lemma 2.2.6. Let E be a torsion free object of CD.
(1) There is a local projective resolution
(2.9) 0→ U−1 → U0 → E → 0
of E such that U−1 and U0 are local projective objects of CD. Moreover H0(E∨[1]) is a 0-dimensional
object of CD.
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(2) If E is a µ-semi-stable object of CD with degG∨(E) > 0, then E
∨[1] ∈ A(β,ω) for all ω.
Proof. (1) We note that Hom(A,E) = 0 for all 0-dimensional object A of CD. Then the proof of the first
claim is similar to that of Lemma 2.2.3 (2).
For the second claim, we take a closed subset D of X such that D contains the exceptional set of
π : X → Y , dimπ(D) = 0 and E|X\D is a locally free sheaf. Then H0(E∨[1])|X\D = 0. Hence H0(E∨[1]) is
a 0-dimensional object of C = (CD)D.
(2) Since H−1(E∨[1]) is a µ-semi-stable object of C with degG(H
−1(E∨[1])) = − degG∨(E) < 0, we get
the claim. 
Proposition 2.2.7. Assume that (⋆2) holds for v (i.e., (⋆1) holds for v∨). Let F be an object of D(X) with
v(F ) = −v. Then F is a semi-stable object of Aµ if and only if F∨[1] is a (−β)-twisted semi-stable object of
CD with v(F∨[1]) = v∨.
Proof. We divide the argument into two steps.
(1) Let E be a (−β)-twisted semi-stable object of CD with v(E) = v∨. There is a surjective morphism
ψ : (G∨(−n))⊕N → E, where n ≫ 0. Since E does not contain a 0-dimensional subobject of CD, we see
that kerψ is a local projective object of CD. Thus E is represented by a complex V−1 → V0 such that Vi are
local projective objects of CD. Then we have an exact triangle
E∨ → V ∨0 → V ∨−1 → E∨[1].
Since V ∨i are local projective objects of C, we see that H
i(E∨[1]) = 0 for i 6= −1, 0. Moreover we get
H−1(E∨[1]) is a µ-semi-stable object of C with degG(H
−1(E∨[1]))/ rkG = d(H2) < 0 and H0(E∨[1]) is a
0-dimensional object of C. Thus E∨[1] ∈ Aµ. We take an exact sequence
0→ F1 → E∨[1]→ F2 → 0
in Aµ such that F2 is a stable object. If φ(F2) = 1, then φ(E
∨[1]) < φ(F2). We next assume that φ(F2) < 1.
Lemma 2.2.3 implies that E∨[1], and hence F1 does not contain a 0-dimensional object. We have an exact
sequence
0 → H−1(F1) → H−1(E∨[1]) → H−1(F2)
→ H0(F1) → H0(E∨[1]) → H0(F2) → 0
in C. Since H0(E∨[1]) is 0-dimensional, H0(F2) is also 0-dimensional. Since F2 does not contain a 0-
dimensional object, by using Lemma 2.2.3, we see that F∨2 [1] ∈ CD. So we have an exact sequence
0→ H−1(F∨1 [1])→ F∨2 [1] ψ→ E → H0(F∨1 [1])→ 0
in CD.
Now recall the expression (2.1) for v. We also set
v(F∨2 [1]) = r2e
−β + a2̺X + (−(d2H +D2) + (d2H +D2, β)̺X), D2 ∈ H⊥ ∩ NS(X)Q,
v(imψ) = r′e−β + a′̺X + (−(d′H +D′) + (d′H +D′, β)̺X), D′ ∈ H⊥ ∩NS(X)Q.
Since −d2 ≤ −d′, we have −d2/r2 ≤ −d′/r′. Since E is (−β)-twisted semi-stable, −d′/r′ ≤ −d/r. Thus we
have −d2/r2 ≤ −d/r.
If the equality holds, then r2 = r
′ and −d2 = −d′. If d2 = 0, then 1 = φ(F2) > φ(E∨[1]). Assume
that d2 < 0. We note that −d2 ≤ −d′ ≤ −dr′/r ≤ −d. If d = d2, then d = d′ and r = r′. Hence
cokerψ is a 0-dimensional object. We also have degG∨(kerψ)/ rkG = (d2 − d′)(H2) = 0. Then rkF1 =
rkH−1(F∨1 ) ≥ 0 and degG(F1) = 0. In particular, degG(H0(F1)) = degG(H−1(F1)) = 0. Since H0(F1) ∈ Tµ
with degG(H
0(F1)) = 0, H
0(F1) is a 0-dimensional object and H
−1(F1) = 0. This means that F1 is a 0-
dimensional object, which is a contradiction. Therefore d2 > d. If rd2 − r2d > 0, then (⋆2) implies that
φ(F2) > φ(E
∨[1]). If rd2 − r2d = 0, then r2 = r′ implies that H−1(F∨1 [1]) is a torsion free object of
rank 0. Therefore H−1(F∨1 [1]) = 0. By the (−β)-twisted semi-stability of E, a2/r2 ≤ a/r. Then we get
da2 − d2a ≥ 0, which implies that φ(F2) ≥ φ(E∨[1]). Therefore E∨[1] is a semi-stable object of Aµ with
v(E∨[1]) = −v.
(2) Conversely, let F be a semi-stable object of Aµ such that v(F ) = −v. By Lemma 2.2.3, F is represented
by a complex U−1 → U0 such that U−1 and U0 are local projective objects of C. Then F∨[1] is represented
by the complex U∨0 → U∨−1. By [Y8, Lem. 1.1.14 (2)], U∨0 and U∨−1 are local projective objects of CD. By the
proof of Lemma 2.2.2, H0(F ) is 0-dimensional and H−1(F ) is a µ-semi-stable object of C. Hence F∨[1] ∈ CD
is a µ-semi-stable object. Let F∨[1]→ F2 be a quotient of F∨[1] such that F2 is (−β)-twisted stable and
v(F2) = r1e
−β + a1̺X + (−(d1H +D1) + (d1H +D1, β)̺X), −d1/r1 = −d/r.
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Since F1 := ker(F
∨[1]→ F2) is a µ-semi-stable object of CD, Lemma 2.2.6 implies that F∨1 [1] and F∨2 [1] are
object of Aµ and we have an exact sequence in Aµ:
0→ F∨2 [1]→ F → F∨1 [1]→ 0.
By the semi-stability of F , φ(F∨2 [1]) ≤ φ(F ). Then we have −da1+d1a ≥ 0, which implies that a1/r1 ≥ a/r.
Therefore F∨[1] is (−β)-twisted semi-stable. 
By Lemma 2.1.6, Proposition 2.2.1 and Proposition 2.2.7, we have the following result of Toda [T, Prop.
6.4, Lem. 6.5].
Corollary 2.2.8. Let E be an object of D(X) with
v(E) = reβ + a̺X + (dH +D + (dH +D, β)̺X), d > 0, D ∈ H⊥.
Assume that (ω2)≫ 〈v(E)2〉 − (D2).
(1) If r ≥ 0, then E is a semi-stable object of Aµ if and only if E is a β-twisted semi-stable object of C.
(2) If r < 0, then E is a semi-stable object of Aµ if and only if E∨[1] is a (−β)-twisted semi-stable object
of CD
By this corollary, we also have the following.
Corollary 2.2.9. For
v = reβ + a̺X + (dH +D + (dH +D, β)̺X), d > 0, D ∈ H⊥,
assume that (ω2)≫ 〈v2〉 − (D2). Then there is a coarse moduli scheme M(β,ω)(v), which is given by
M(β,ω)(v) ∼=
{
MβH(v), rk v ≥ 0,
M−βH (−v∨), rk v < 0.
Corollary 2.2.10. Assume that d = dmin. Then there is a coarse moduli scheme M(β,ω)(v).
Proof. If (ω2) > 2, then A(β,ω) = A
µ. In this case, by Lemma 2.1.5 Proposition 2.2.1 and Proposition 2.2.7,
we get the moduli scheme. For a general case, the claim follows from Proposition 1.6.10. 
2.3. A relation of [Y6] with Bridgeland’s stability. We take a sufficiently small element α ∈ NS(X)Q
such that −〈eβ+α, v(A)〉 > 0 for all 0-dimensional objects A of C. Let X ′ := Mβ+αH (v0) be the moduli
scheme of (β + α)-twisted semi-stable objects of C and there is a projective morphism X ′ → Y ′, where
Y ′ :=M
β
H(v0). By choosing a general α, we may assume that X
′ is a smooth projective surface. Then there
is a universal family E on X ×X ′ as a twisted object. For simplicity, we assume that E is untwisted. Let
Φ : D(X) → D(X ′)
E 7→ RpX′∗(p∗X(E)⊗ E∨)
be the Fourier-Mukai transform. Let C′ be the category of perverse coherent sheaves on X ′ associated to
β′, that is, −〈eβ′ , v(A)〉 > 0 for all 0-dimensional objects A of C′. For ω with (ω2) < 2/r20, we shall consider
the Fourier-Mukai transform of A = A(β,ω). We take η +
√−1ω such that η ∈ H⊥ and −(η2) is sufficiently
small. Then A(β+η,ω) = A. Let A
′µ be the category in Definition 1.2.11 associated to the pair (β′, ω˜′) (cf.
(1.15)). By (1.17) and a direct calculation, we have
Z(β′+η˜,ω˜)(Φ(E)[1]) = −
2
r0((η +
√−1ω)2)Z(β+η,ω)(E).
Thus we have the following diagram:
(2.10) A
Z(β+η,ω)

Φ[1] // A′µ
Z(β′+η˜,ω˜)

C
× 2
r0((ω
2)−(η2))
// C
We note that (ω2) < 2/r20 if and only if (ω˜
2) > 2. Since Φ[1] : A → A′µ is an equivalence ([Y9, Thm.
2.5.9]) and Z(β′,ω˜)(φ(E)[1]) = (2/((ω
2)r0))Z(β,ω)(E), Corollary 1.4.12 (1) also follows from (2).
The following is a refinement of [Y6, Thm. 1.7] and [Y9, Prop. 2.7.2 (1)].
Proposition 2.3.1. We set w := reβ
′
+ a̺X′ + (dĤ + D̂ + (dĤ + D̂, β
′)̺X′). Assume that d > N(v)
(see Lemma 2.1.2). Let E ∈ D(X) be a complex with v(Φ(E)[2]) = w. Then the following conditions are
equivalent.
(i) E is a β-twisted semi-stable object of C.
(ii) E[1] is a semi-stable object of A for (β, ω).
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(iii) Φ(E)[2] is a semi-stable object of A′µ for (β′, ω˜).
(iv) Φ(E)[2] is a β′-twisted semi-stable object of C′.
Proof. By (2.10), (ii) is equivalent to (iii). The equivalence between (i) and (ii) follows from Lemma 2.3.3
(1). The equivalence between (iii) and (iv) also follows from Lemma 2.3.3 (2). 
Remark 2.3.2. If (ω2)≪ 2/r20, then (ii), (iii) and (iv) are equivalent. Thus in order to compare the moduli
spaces MH(Φ
−1(w)) and MĤ(w), it is sufficient to study the wall-crossing behavior in A(β,ω).
Lemma 2.3.3. Assume that d > N(v).
(1) (⋆3) holds for Φ−1(w) and any (ω2) > 0.
(2) (⋆1) holds for w and any (ω˜2) > 0.
Proof. We note that Φ−1(w) = r0aeβ
′
+ (r/r0)̺X − (dH +D + (dH + D, β)̺X). Hence the claims follow
from Lemma 2.1.2. 
Remark 2.3.4. Assume that A′ = A′µ. If the following two conditions hold, then the conditions (ii), (iii),
(iv) are equivalent to the (−β)-twisted semi-stability of E∨ in CD.
(1) (⋆2) holds for Φ−1(w) and any (ω2) > 0
(2) (⋆1) holds for w and any (ω˜2) > 0.
By Lemma 2.1.5, we have the following claim.
Lemma 2.3.5. Assume that A = Aµ. If d = dmin, then the conditions (ii), (iii), (iv) are equivalent to the
(−β)-twisted semi-stability of E∨ in CD.
3. The wall crossing behavior
3.1. The definition of wall and chamber for stabilities. Let us fix H and b := (H, β) throughout this
section. Our main object here is to study the wall crossing behavior of Bridgeland’s stability condition in
HR or iβ(R>0H) on a K3 surface or an abelian surface from the view of Fourier-Mukai transforms.
We set
vi := rie
β + ai̺X + (diH +Di + (diH +Di, β)̺X), i = 1, 2, Di ∈ H⊥.
Lemma 3.1.1. Assume that d1, d2 > 0. Then
〈v1, v2〉
d1d2
= −1
2
((D1/d1 −D2/d2)2) + 〈v
2
1〉
2d21
+
〈v22〉
2d22
+
(
r1
d1
− r2
d2
)(
a1
d1
− a2
d2
)
.
Proof. The claim follows by using the following equalities
〈(v1/d1)2〉 =(H2) + ((D1/d1)2)− 2(r1/d1)(a1/d1),
〈(v2/d2)2〉 =(H2) + ((D2/d2)2)− 2(r2/d2)(a2/d2),
〈v1/d1, v2/d2〉 =(H2) + (D1/d1, D2/d2)− (r1/d1)(a2/d2)− (r2/d2)(a1/d1).

Lemma 3.1.1 implies that
(3.1) 〈v1, v2〉 = − ((d2D1 − d1D2)
2)
2d1d2
+
d2
2d1
〈v21〉+
d1
2d2
〈v22〉+
(d2r1 − d1r2)(d2a1 − d1a2)
d1d2
.
Then we see that
(3.2)
〈(v1 + v2)2〉
d1 + d2
=
〈v21〉
d1
+
〈v22〉
d2
− ((d2D1 − d1D2)
2)
d1d2(d1 + d2)
+
(d2r1 − d1r2)(d2a1 − d1a2)
d1d2(d1 + d2)
.
We also have
〈v1, v2〉 − (D1, D2)
d1d2
=
〈v21〉 − (D21)
2d21
+
〈v22〉 − (D22)
2d22
+
(
r1
d1
− r2
d2
)(
a1
d1
− a2
d2
)
and
(3.3)
〈(v1 + v2)2〉 − (D1 +D2)2
d1 + d2
=
〈v21〉 − (D21)
d1
+
〈v22〉 − (D22)
d2
+
(d2r1 − d1r2)(d2a1 − d1a2)
d1d2(d1 + d2)
.
Assume that
(3.4) v = reβ + a̺X + (dH +D + (dH +D, β)̺X), d > 0
has a decomposition
(3.5) v =
s∑
i=1
vi, φ(vi) = φ(v),
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where
(3.6) vi = rie
β + ai̺X + (diH +Di + (diH +Di, β)̺X), di > 0.
We note that di/dmin ∈ Z (Definition 2.1.3). By using (3.2) and (3.3), we have
s∑
i=1
( 〈v2i 〉
di
+ 2
di
d2min
ε
)
≤〈v
2〉
d
+ 2
d
d2min
ε,
s∑
i=1
( 〈v2i 〉 − (D2i )
di
+ 2
di
d2min
ε
)
≤〈v
2〉 − (D2)
d
+ 2
d
d2min
ε.
(3.7)
Lemma 3.1.2 (Bogomolov inequality). Let E be a semi-stable object of A(β,ω) with the Mukai vector (1.7).
Assume that d > 0. Then
(3.8) 〈v(E)2〉 ≥ −2(d/dmin)2ε.
Proof. We may assume that k is algebraically closed. Then for a stable object E, Hom(E,E) = k. Hence
the claim holds. In particular, if d = dmin, the claim holds. For a general case, we take a Jordan-Ho¨lder
filtration of E. Then by (3.7), we get the claim. 
Definition 3.1.3. Let C be a chamber for categories, that is, A(bH+η,ω) is constant for (η, ω) ∈ C ∩ H. For
a Mukai vector v, we take the expansion (3.4) with β = bH + η.
(1) For v1 in (3.6) satisfying
(a) 0 < d1 < d,
(b) 〈v21〉 < (d1/d)〈v2〉+ 2dd1ε/d2min,
(c) 〈v21〉 ≥ −2d21ε/d2min,
we define a wall for stabilities of type v1 as the set of
Wv1 :=
{
(η, ω) ∈ HR | (ω2)(dr1 − d1r) = 2(−d〈ebH+η, v1〉+ d1〈ebH+η , v〉)
}
.
If it is necessary to emphasize the dependence on v, then we call Wv1 by a wall for v.
(2) A chamber for stabilities is a connected component of C \ ∪v1Wv1 .
Remark 3.1.4. (1) The defining equation of the wall Ww1 for stabilities corresponds to the numerical
condition for the existence of a pair (E,F ) such that E is σ(β,ω)-semi-stable with v(E) = v, F is
a subobject of E with v(F ) = w1 and φ(β,ω)(F ) = φ(β,ω)(E). In the case when X is an abelian
surface, one can express the necessary and sufficient condition for such a pair (E,F ) to exist. We
will discuss this topic in [MYY, § 4.1].
(2) For a fixed β := bH + η, we have the injection ιβ : R>0H → HR (see (1.13)). Then we have the
notion of walls and chambers for R>0H . In this case, we can require that v1 also satisfies
(3.9) 〈v21〉 − (D1)2 <
d1
d
(〈v2〉 − (D2))+ 2 dd1
d2min
ε.
Note that the condition (3.9) depends on η, since D1 and a1 depend on η. We shall prove that
the candidates of (r1, d1, a1, (D
2
1)) are determined by (H
2), b, η, v. We note that dmin ≥ 1/(b0(H2)),
where b0 is the denominator of b. By (a), (c) and (3.9), we have
−2d2b20(H2)2 ≤ d21(H2)− 2r1a1 < d2(H2)− 2ra+ 2d2b20(H2)2.
Since 0 < d1 < d and a1 ∈ (1/r0)Z, the choices of r1, a1 are finite. Since
−(D21) ≤ 2d2b20(H2)2 + d21(H2)− 2r1a1,
(D21) is also bounded. In particular, the candidates of r1, d1, a1 and (D
2
1) are determined by
(H2), b, η, v.
Lemma 3.1.5. The set of walls is locally finite.
Proof. The claim is a consequence of [Br2, Prop. 9.3]. For a convenience sake of the reader, we give a proof.
Let B be a compact subset of HR. We shall prove that
{v1 | v1 satisfies (a), (b), (c) and Wv1 ∩B 6= ∅}
is a finite set. We take r0 ∈ Z with r0ebH ∈ A∗alg(X). For β = bH, bH + η, we write
v =rebH + a̺X + dH +D + (dH +D, bH)̺X
=rebH+η + a′̺X + dH +D′ + (dH +D′, bH + η)̺X ,
v1 =r1e
bH + a1̺X + d1H +D1 + (d1H +D1, bH)̺X
=r1e
bH+η + a′1̺X + d1H +D
′
1 + (d1H +D
′
1, bH + η)̺X .
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Then
(3.10) a′ = a− (D, η) + r (η
2)
2
, a′1 = a1 − (D1, η) + r1
(η2)
2
.
We note that
a−
√
−(D2)
√
−(η2) + r (η
2)
2
≤ a′ ≤ a+
√
−(D2)
√
−(η2) + r (η
2)
2
.
Assume that (η, ω) ∈ Wv1 , i.e.,
(3.11) da′1 − d1a′ =
(ω2)
2
(r1d− rd1).
We shall give a bound of r1 by v, (ω
2) and (η2). We have 2r1a1 < d
2
1(H
2) + 2d21/d
2
min. If r1 < 0, then
a1 > (d
2
1(H
2) + 2d21/d
2
min)/2r1 ≥ −(d21(H2)/2 + d21/d2min). Hence
dr1 − d1r = 2(da1 − d1a)
(ω2)
>
1
(ω2)
(
−d
(
d21(H
2) +
2d21
d2min
)
− 2d1a
)
.
Therefore
r1 >
d1
d
r − 1
(ω2)
(
d21(H
2) +
2d21
d2min
)
− 2 d1
d(ω2)
a.
If r1 > 0, then a1 < (d
2
1(H
2) + 2d21/d
2
min)/2. Hence we see that
r1 <
d1
d
r +
1
(ω2)
(
d21(H
2) +
2d21
d2min
)
− 2 d1
d(ω2)
a.
Since r1 is an integer, the choice of r1 is finite.
We have
r1a
′
1 = r1
(
(ω2)
2
(
r1 − rd1
d
)
+
a′d1
d
)
≥ r1 d1
d
(
a′ − (ω
2)
2
r
)
by (3.11). Then by using (3.10), we get
r1a1 ≥ r1 d1
d
(
a′ − (ω
2)
2
r
)
+ r1(D1, η)− r21
(η2)
2
.
We have
d21(H
2) + 2
dd1
d2min
≥ 2r1a1 − (D21)
= 2r1a
′
1 + 2r1(D1, η)− r21(η2)− (D21)
≥ 2r1a′1 +
(√
−(D21)−
√
−r21(η2)
)2
≥ 2r1 d1
d
(
a′ − (ω
2)
2
r
)
+
(√
−(D21)−
√
−r21(η2)
)2
.
Hence −(D21) is bounded. Since D1 = (c1(v1) − r1bH) − (c1(v1) − r1bH,H)H/(H2) ∈ (1/b0(H2))NS(X),
the choice of D1 is finite. Then r1a1 is also bounded. Since r0a1 ∈ Z, the choice of v1 is finite. 
By the same arguments in [Y1], we get the following claim.
Lemma 3.1.6. If (η, ω), (η′, ω′) belong to the same chamber, then M(bH+η,ω)(v) =M(bH+η′,ω′)(v).
Assume that d > 0. Then 〈ebH+η+
√−1ω, v〉 6∈ R. Since 〈ebH+η+
√−1ω, v1/d1 − v/d〉 ∈ R, φ(v) = φ(v1) if
and only if 〈ebH+η+
√−1ω, v1/d1 − v/d〉 = 0. Since
〈ebH+η+
√−1ω, v1/d1 − v/d〉 = −
(
r1
d1
− r
d
)
(η2)− (ω2)
2
−
(
a1
d1
− a
d
)
+
(
D1
d1
− D
d
, η
)
,
Q(v1/d1 − v/d) is determined by the wall Wv1 .
If dr1 − d1r 6= 0, then Wv1 is a half sphere in HR:
(ω2)−
(
η − dD1 − d1D
dr1 − d1r
)2
= 2
da1 − d1a
dr1 − d1r −
(
dD1 − d1D
dr1 − d1r
)2
.
If dr1 − d1r = 0, then Wv1 is a hyperplane in HR:
(η, dD1 − d1D) = (da1 − d1a).
In this case, Wv1 is the wall for η-twisted semi-stability.
We can easily prove the following lemma, which will be used later.
26
Lemma 3.1.7. 〈v1 − d1v/d, eβ+
√−1ω〉 = 0 if and only if 〈v1, ξv〉 = 0, where
ξv := Re
(
eβ+
√−1ω − 〈v/d, e
β+
√−1ω〉
(H2)
(H + (H, β)̺X)
)
= eβ − (ω
2)
2
̺X −
〈v/d, eβ − (ω2)2 ̺X〉
(H2)
(H + (H, β)̺X).
Remark 3.1.8. We give a few remarks on the paper [AB], where another stability function is defined:
Z ′(β,ω)(E) :=〈eβ+
√−1ω, ch(E)〉
=〈eβ+
√−1ω, v(E)(1 − ε̺X)〉 = Z(β,ω)(E) + εr
=− a+ r (ω
2) + 2ε
2
+
√−1d(H,ω)
with v(E) = reβ + a̺X + (dH +D+ (dH +D, β)̺X), D ∈ H⊥. Therefore if X is a K3 surface, then Z ′(β,ω)
is a stability function for any (ω2) > 0 and there is no wall for categories.
Assume that X is a K3 surface with NS(X) = ZH . In this case the wall for stabilities W ′v1 associated
with v1 = r1e
βH + a1̺X + (d1H + (d1H, β)̺X) is given by
W ′v1 :=
{
ω ∈ R>0H
∣∣∣∣ d1(−a+ r (ω2) + 22
)
= d
(
−a1 + r1 (ω
2) + 2
2
)}
.
Following [AB], let us consider the case β = H/2 and v = H + ((H2)/2)̺X . Note that r = 1, d = 1, a = 0
and dmin = 1/2, so that we choose d1 = 1/2. Then ω ∈ Wv1 if and only if (ω2) = 2a1/r1 − 2. For the case
r1 = 1, we have v1 = e
H +(a1− (H2)/8)̺X . Putting n1 := (H2)/8−a1, we have (ω2) = (H2)/4− 2(n1+1).
Since n1 ≥ −1, we recover the walls given in [AB].
The relative cases. Let Y → S be a polarized family of normal K3 surfaces or abelian surfaces over an
integral scheme S. Assume that there is a smooth family of polarized surfaces X → S with a family of
contractions π : X → Y over S such that Rπ∗(OX ) = OY . Assume that there is a locally free sheaf G on X
which defines a family of tiltings Cs, s ∈ S and Gs is a local projective generator of Cs. Let H be a relative
Q-Cartier divisor on X which is the pull-back of a relatively ample Q-divisor on Y. We assume that there
is a section σ of f : X → S. Then σ gives a family of fundamental classes ̺Xs , s ∈ S. We denote it by ̺X .
We take β ∈ NS(X/S)Q. Let v ∈ Z⊕ NS(X/S)⊕ Z̺X be a family of Mukai vectors. For v1 ∈ A∗alg(Xs), we
write
v1 = r1e
β + a1̺Xs + d1Hs +D1 + (d1Hs +D1, β)̺Xs , D1 ∈ H⊥s .
If v1 satisfies Definition 3.1.3 (1), then Remark 3.1.4 (2) implies that the candidates of r1, d1, a1 and (D
2
1)
are finite. Assume that r0β ∈ NS(Xs). Then ξ := r0(d1Hs +D1) ∈ NS(Xs) satisfies (ξ,Hs) = r0d1(H2s) and
(ξ2) = r20(d
2
1(H
2) + (D21)). Since
χ(OXs(ξ + nHs)) = n2
(H2s)
2
+ nr0d1(H2s) +
r20(d
2
1(H2s) + (D21))
2
+ χ(OXs),
the set of Hilbert polynomials χ(OXs(ξ + nHs)) of OXs(ξ) is finite. Since the relative Picard scheme of a
fixed Hilbert polynomial is of finite type, the equivalence class of ξ is also finite, where ξ ∈ NS(Xs) and
ξ′ ∈ NS(Xs′ ) is equivalent if ξ and ξ′ belong to the same connected component of the relative Picard scheme.
Thus we get the following lemma.
Lemma 3.1.9. There is a dominant morphism S′ → S such that for any point s ∈ S′, v1 ∈ A∗alg(Xs) in
Definition 3.1.3 (1) extends to a family of Mukai vectors v˜1 ∈ Z⊕NS(X ′/S′)⊕Z̺X ′ , where X ′ := X ×S S′.
Proof. For each ξ, we take PicξX/S → S. For a suitable covering Sξ → PicξX/S, we have a family of line
bundles Lξ on X ×SSξ with (Lξ)k(s) ∈ PicξX/S for s ∈ Sξ. Since there are finitely many equivalence classes of
ξ and PicξX/S → S is proper, replacing S by an open subset, we may assume that all Sξ → S are surjective.
Let ξ1, ξ2, ..., ξn be the representative of ξ and set S
′ := Sξ1 ×S Sξ2 × · · · ×S Sξn . Then we have a surjective
morphism S′ → S. 
3.2. The wall crossing behavior under the change of categories. In this subsection, we assume that
X is a K3 surface and we fix β = bH + η. Assume that ω ∈ R>0H belongs to a wall W := Wv(E), where
E ∈ Excβ . Let ω± ∈ Q>0H be ample Q-divisors which are sufficiently close to ω and (ω2−) < (ω2) < (ω2+).
We shall study the wall crossing behavior of the moduli stacks M(β,ω±)(v). Let φ± := φ(β,ω±) be the phase
function for Z(β,ω±), and σ(β,ω±) := (A(β,ω±), Z(β,ω±)). We also set
v = reβ + a̺X + (dH +D + (dH +D, β)̺X), D ∈ H⊥.
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First of all, we shall slightly generalize the definition of the stability.
Definition 3.2.1. E ∈ A(β,ω−) is σ(β,ω)-semi-stable, if
Σ(β,ω)(E
′, E) ≥ 0
for any subobject E′ of E (cf. Definition 1.3.3). M(β,ω)(v) denotes the moduli stack of σ(β,ω)-semi-stable
object E such that v(E) = v.
We study the categories of complexes E ∈ D(X) such that E ∈ A(β,ω−) and is σ(β,ω)-semi-stable.
Lemma 3.2.2. (1) For an object E of A(β,ω+), if Hom(E0[1], E) = 0 for all E0 ∈ SW , then E ∈
A(β,ω−). In particular, for a semi-stable object E of A(β,ω+) with φ+(E) < 1, E ∈ A(β,ω−).
(2) For an object E of A(β,ω−), if Hom(E,E0) = 0 for all E0 ∈ SW , then E ∈ A(β,ω+).
(3) Assume that d > 0. Then M(β,ω±)(v) ⊂M(β,ω)(v).
Proof. (1) Assume that Hom(E0[1], E) = Hom(E0, H
−1(E)) = 0 for all E0 ∈ SW . Then H−1(E) ∈ F(β,ω−),
which implies that E ∈ A(β,ω−). Since φ+(E) < 1 and φ+(E0[1]) = 1 for E0 ∈ SW , Hom(E0[1], E) = 0.
Hence E ∈ A(β,ω−).
(2) Assume that Hom(E,E0) = 0 for all E0 ∈ SW . By Lemma 1.4.10 (3), we have H0(E) ∈ T(β,ω+),
which implies that E ∈ A(β,ω+).
(3) For an object E of M(β,ω+)(v), d > 0 implies that φ+(E) < 1. Then (1) implies E ∈ A(β,ω−). Let F
be a subobject of E in A(β,ω−). Then there is an exact sequence in A(β,ω−)
0→ F1 → F → F2 → 0
such that H−1(F1) = H−1(F ) ∈ F(β,ω−), H0(F1) ∈ T(β,ω+) and F2 ∈ SW . Then F1 is a subobject of E in
A(β,ω−) such that the exact sequence in A(β,ω−)
0→ F1 → E → E/F1 → 0
is an exact sequence in A(β,ω+). Indeed E ∈ A(β,ω+) and Hom(E/F1, E0) ⊂ Hom(E,E0) = 0 for all
E0 ∈ SW implies E/F1 ∈ A(β,ω+) by (2). Since Z(β,ω)(F ) = Z(β,ω)(F1) and ω+ is sufficiently close to ω, we
have Σ(β,ω)(F,E) = Σ(β,ω)(F1, E) ≥ 0. Therefore E ∈M(β,ω)(v).
Since the σ(β,ω)-semi-stability is defined in the category A(β,ω−),M(β,ω−)(v) ⊂M(β,ω)(v) is obvious. 
Lemma 3.2.3. (1) If E ∈ A(β,ω−) satisfies Z(β,ω)(E) = 0, then E ∈ SW .
(2) If E ∈ A(β,ω+) satisfies Z(β,ω)(E) = 0, then E ∈ SW [1].
Proof. We set G := G(β,ω), G± := G(β,ω±) ∈ K(X)Q. For E ∈ A(β,ω±), Z(β,ω)(E) = 0 implies that
H−1(E) and H0(E) are β-twisted semi-stable objects of C with degG(H
−1(E)) = χG(H−1(E)) = 0 and
degG(H
0(E)) = χG(H
0(E)) = 0. In particular, H0(E) and H−1(E) are torsion free.
(1) If H−1(E) 6= 0, then χG−(H−1(E)) > χG(H−1(E)). Hence E ∈ A(β,ω−) implies that H−1(E) = 0.
Therefore E = H0(E) ∈ SW .
(2) If H0(E) 6= 0, then rkH0(E) > 0 implies that χG+(H0(E)) < χG(H0(E)). Hence E ∈ A(β,ω+) implies
that H0(E) = 0. Therefore E = H−1(E)[1] ∈ SW [1]. 
Corollary 3.2.4. (1) If E ∈ A(β,ω−) satisfies φ−(E) = 1 and Z(β,ω)(E) ∈ R≥0eπ
√−1φ, 0 < φ < 1, then
E ∈ SW .
(2) If E ∈ A(β,ω+) satisfies φ+(E) = 1 and Z(β,ω)(E) ∈ R≥0eπ
√−1φ, 0 < φ < 1, then E ∈ SW [1].
Proof. We note that Z(β,ω)(E) ∈ R≤0. Then Z(β,ω)(E) ∈ R≥0eπ
√−1φ implies that Z(β,ω)(E) = 0. Hence the
claims follow from Lemma 3.2.3. 
Proposition 3.2.5. Assume that d > 0.
(1) E ∈M(β,ω)(v) if and only if there is a filtration
0 = F0 ⊂ F1 ⊂ F2 ⊂ · · · ⊂ Fs = E
in A(β,ω−) such that
(a) Z(β,ω)(Fi/Fi−1) ∈ R≥0Z(β,ω)(E),
(b) Fi/Fi−1 are semi-stable with respect to Z(β,ω−),
(c)
1 ≥ φ−(F1/F0) > φ−(F2/F1) > · · · > φ−(Fs/Fs−1) > 0.
(2) E ∈M(β,ω)(v) if and only if there is a filtration
0 = F0 ⊂ F1 ⊂ F2 ⊂ · · · ⊂ Fs = E
in A(β,ω−) such that
(a) Z(β,ω)(Fi/Fi−1) ∈ R≥0Z(β,ω)(E),
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(b) Fi/Fi−1 are semi-stable with respect to Z(β,ω+) or Fi/Fi−1 ∈ SW ,
(c)
1 > φ+(F1/F0) > φ+(F2/F1) > · · · > φ+(Fs/Fs−1) ≥ 0.
Proof. (1) If E ∈ M(β,ω)(v) is not a σ(β,ω−)-semi-stable object of A(β,ω−), then we have the Harder-
Narasimhan filtration
0 = F0 ⊂ F1 ⊂ F2 ⊂ · · · ⊂ Fs = E
such that 1 ≥ φ−(F1/F0) > φ−(F2/F1) > · · · > φ−(Fs/Fs−1) > 0. Since ω− is sufficiently close to ω, we have
Z(β,ω)(Fi/Fi−1) ∈ R≥0Z(β,ω)(E) for all i. Conversely if E has a filtration with (a), (b), (c), then Fi/Fi−1
with φ−(Fi/Fi−1) < 1 are semi-stable with respect to Z(β,ω) by Lemma 3.2.2 (3). If φ−(Fi/Fi−1) = 1, then
Corollary 3.2.4 (1) implies that Fi/Fi−1 ∈ SW . Hence E ∈M(β,ω)(v).
(2) If E ∈ M(β,ω)(v) is not semi-stable with respect to σ(β,ω+), then we have an exact sequence
0→ E′ → E → E0 → 0
in A(β,ω−), where E0 ∈ SW and Hom(E′, F ) = 0 for all F ∈ SW . Thus E′ ∈ A(β,ω+) by Lemma 3.2.2 (2).
We take the Harder-Narasimhan filtration of E′ in A(β,ω+):
(3.12) 0 = F0 ⊂ F1 ⊂ F2 ⊂ · · · ⊂ Ft = E′.
Since ω+ is sufficiently close to ω, Z(β,ω)(Fi/Fi−1) ∈ R≥0Z(β,ω)(E). If φ+(F1) = 1, then Corollary 3.2.4 (2)
implies that F1 ∈ SW [1]. By E ∈ A(β,ω−), we have φ+(F1) < 1. Thus
1 > φ+(F1/F0) > φ+(F2/F1) > · · · > φ+(Ft/Ft−1) > φ+(E0) = 0.
By Lemma 3.2.2 (1), (3), Fi/Fi−1 ∈ A(β,ω−) and they are semi-stable with respect to Z(β,ω). In particular,
(3.12) is a filtration in A(β,ω−). We set Fs := E, where s := t + 1 for E0 6= 0 and s := t for E0 = 0. Then
we get a desired filtration of E. Conversely for a filtration with (a), (b), (c), Fi/Fi−1 are semi-stable with
respect to Z(β,ω) by Lemma 3.2.2 (3) or Fi/Fi−1 ∈ SW . Hence E ∈M(β,ω)(v). 
By the following lemma, the choice of the Mukai vectors v(Fi/Fi−1) in Proposition 3.2.5 is finite.
Lemma 3.2.6. Let E be a σ(β,ω)-semi-stable object. Assume that E is S-equivalent to ⊕si=0Ei such that
(i) Z(β,ω)(E0) = 0
(ii) Ei are semi-stable with respect to σ(β,ω+) for all i > 0 or Ei are semi-stable with respect to σ(β,ω−)
for all i > 0.
Then the choice of v(E0) is finite.
Proof. We set v(E0) := r0e
β + a0̺X +D0 + (D0, β)̺X . By Z(β,ω)(E0) = 0, we have a0 = r0(ω
2)/2. Then
we have
−2
(
d
dmin
)2
≤ 〈v(⊕si=1Ei)2〉− (D −D0)2
= −2(r − r0)(a− a0) + d2(H2)
= −(ω2)
(
r0 − 1
2
(
r +
2
(ω2)
a
))2
+
(ω2)
4
(
r +
2
(ω2)
a
)2
+ 〈v(E)2〉 − (D2).
Hence the choice of r0 is finite. Since E0 is a successive extension of objects in Excβ , the choice of E0 is also
finite. 
3.3. The wall crossing behavior for d = dmin. As an example of the wall crossing behavior, we shall
study M(β,ω)(v) for d = dmin. Throughout section 3.3, we assume that k is an algebraically closed field. In
this case, there is no wall for stabilities and the filtration in Proposition 3.2.5 is of length s = 2. Assume
that ω belongs to a wall W for categories. In order to study the contribution of SW , we set
R+ := {v(E) | E ∈ SW , 〈v(E)2〉 = −2}.
By Lemma 1.4.18, R+ is a finite set. For a sufficiently small general element η ∈ NS(X)Q, we have
〈u/ rku− u′/ rku′, η + (η, β)̺X〉 6= 0
for all u, u′ ∈ R+ with u 6= u′. We may assume that R+ = {u1, u2, . . . , un} with
(3.13) − 〈ui/ rkui, η + (η, β)̺X〉 < −〈uj/ rkuj , η + (η, β)̺X〉
for i < j.
Lemma 3.3.1. (1) There is a unique (β + η)-twisted semi-stable object Ui of C with v(Ui) = ui.
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(2)
(3.14) Hom(Uj , Ui) = 0, j > i.
Proof. (1) By Proposition 5.2.1, there is a (β + η)-twisted semi-stable object Ui of C with v(Ui) = ui. If Ui
contains a (β + η)-twisted stable subobject U ′i such that U
′
i ∈ SW and
〈v(U ′i), η + (η, β)̺X〉/ rkU ′i = 〈v(Ui), η + (η, β)̺X〉/ rkUi,
then v(U ′i) ∈ R+. By our choice of η, U ′i = Ui. Thus Ui is (β + η)-twisted stable. Since 〈v(Ui)2〉 = −2, Ui
is the unique (β + η)-twisted stable object of C with v(Ui) = ui. (2) follows from (3.13). 
Remark 3.3.2. If the index of [α] ∈ H2e´t(X,O×X) and char(k) is relatively prime, then the same claim holds
for the twisted case.
Lemma 3.3.3. Let E be an object of A(β,ω−). Assume that E is σ(β,ω)-semi-stable such that Hom(E,Ui) = 0
for i < k.
(1) ϕ : E → Hom(E,Uk)∨⊗Uk is surjective and kerϕ is a σ(β,ω)-semi-stable object such that Hom(kerϕ,Ui) =
0 for i ≤ k. Moreover for the universal extension
(3.15) 0→ Uk ⊗ Ext1(kerϕ,Uk)∨ → E′ → kerϕ→ 0,
E′ is a σ(β,ω)-semi-stable object such that Hom(E′, Ui) = 0 for i ≤ k.
(2) If Hom(Ui, E) = 0 for i ≥ k, then
Hom(Ui, kerϕ) = 0 for i ≥ k, Hom(Ui, E′) = 0 for i > k.
Proof. (1) By the proof of Lemma 1.4.17, imϕ ∈ SW and cokerϕ ∈ SW . Let F1 be a subobject of imϕ in
C such that F1 is (β + η)-twisted stable with
−〈v(F1), η + (η, β)̺X〉
rkF1
≥ −〈v(imϕ), η + (η, β)̺X〉
rk imϕ
.
Then we have
−〈v(F1), η + (η, β)̺X〉
rkF1
≤ −〈uk, η + (η, β)̺X〉
rkuk
.
On the other hand, for a quotient object F2 of imϕ in C such that F2 ∈ SW and F2 is (β+ η)-twisted stable
with
−〈v(F2), η + (η, β)̺X〉
rkF2
≤ −〈v(imϕ), η + (η, β)̺X〉
rk imϕ
,
our assumption implies that
−〈v(F2), η + (η, β)̺X〉
rkF2
≥ −〈uk, η + (η, β)̺X〉
rkuk
.
Then each inequalities becomes equalities. Hence imϕ is a (β + η)-twisted semi-stable object with
−〈v(imϕ), η + (η, β)̺X 〉
rk imϕ
= −〈uk, η + (η, β)̺X〉
rkuk
.
By (3.13), we see that imϕ is a successive extension of Uk. Since Ext
1(Uk, Uk) = 0, we get imϕ = U
⊕m
k .
Then we see thatm = dimHom(E,Uk) and cokerϕ = 0. Since Ext
1(Uk, Uk) = 0, we get Hom(kerϕ,Uk) = 0.
If there is a non-trivial homomorphism ψ : kerϕ→ Ui, i < k, then by Lemma 1.4.17, F := imψ belongs to
SW and
−〈v(F ), η + (η, β)̺X〉
rkF
< −〈uk, η + (η, β)̺X〉
rkuk
.
Then we have a quotient object U of E fitting in an exact sequence
0→ F → U → U⊕mk → 0.
Hence U ∈ SW and
−〈v(U), η + (η, β)̺X〉/ rkU < −〈uk, η + (η, β)̺X〉/ rkuk.
This means that there is a quotient E → Uj , j < k. Therefore Hom(kerϕ,Ui) = 0 for all i ≤ k. By the
exact sequence (3.15), we get an exact sequence
0 −→ Hom(kerϕ,Ui) −→ Hom(E′, Ui) −→ Hom(Uk, Ui)⊗ Ext1(kerϕ,Uk)
δϕ−−−→ Ext1(kerϕ,Ui).
Since δϕ is isomorphic for i = k and Hom(kerϕ,Ui) = 0 for i ≤ k, we get Hom(E′, Ui) = 0 for i ≤ k. Since
Z(β,ω)(Uk) = 0, the semi-stability is a consequence of its definition. (2) easily follows from (1). 
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Lemma 3.3.4. Let E be an object of A(β,ω−). Assume that E is σ(β,ω)-semi-stable such that Hom(Ui, E) = 0
for i > k.
(1) ϕ : Hom(Uk, E)⊗Uk → E is injective and cokerϕ is a σ(β,ω)-semi-stable object such that Hom(Ui, cokerϕ) =
0 for i ≥ k. Moreover for the universal extension
(3.16) 0→ cokerϕ→ E′ → Uk ⊗ Ext1(Uk, cokerϕ)→ 0,
E′ is a σ(β,ω)-semi-stable object such that Hom(Ui, E′) = 0 for i ≥ k.
(2) If Hom(E,Ui) = 0 for i ≤ k, then
Hom(cokerϕ,Ui) = 0 for i ≤ k, Hom(E′, Ui) = 0 for i < k.
Proof. By the proof of Lemma 1.4.17, we have kerϕ ∈ SW and imϕ ∈ SW . Let F1 ∈ SW be a subobject
of imϕ such that F1 is a (β + η)-twisted stable object of C. By our assumption,
−〈v(F1), η + (η, β)̺X〉
rkF1
≤ −〈uk, η + (η, β)̺X〉
rkuk
.
Then we get
−〈v(F1), η + (η, β)̺X〉
rkF1
≤ −〈uk, η + (η, β)̺X〉
rkuk
≤ −〈v(imϕ), η + (η, β)̺X〉
rk imϕ
.
Hence imϕ is (β + η)-twisted semi-stable with
−〈uk, η + (η, β)̺X〉
rkuk
= −〈v(imϕ), η + (η, β)̺X〉
rk imϕ
.
As in the proof of Lemma 3.3.3, we see that imϕ ∼= U⊕mk . Then we get kerϕ = 0 and m = dimExt1(Uk, E).
By similar arguments as in Lemma 3.3.3, we also see that the remaining statements hold. 
Definition 3.3.5.
M(β,ω,k)(v) := {E ∈M(β,ω)(v) | Hom(Ui, E) = 0, i ≥ k, Hom(E,Uj) = 0, j < k}.
We define the Brill-Noether locus by
M(β,ω,k)(v)m := {E ∈M(β,ω,k)(v) | dimHom(E,Uk) = m},
M(β,ω,k)(v)m := {E ∈M(β,ω,k)(v) | dimHom(Uk−1, E) = m}.
We note that M(β,ω,k)(v)0 =M(β,ω,k+1)(v)0. As in [Y2], we have the following description of the Brill-
Noether locus.
Proposition 3.3.6. (1) M(β,ω,k)(v)m is a Gr(2m + 〈v, uk〉,m)-bundle over M(β,ω,k)(v −muk)0.
(2) M(β,ω,k+1)(v)m is a Gr(2m+ 〈v, uk〉,m)-bundle over M(β,ω,k+1)(v −muk)0.
Proof. (1) For F ∈ M(β,ω,k)(v −muk)0, Hom(Uk, F ) = Ext2(Uk, F ) = 0. Hence dimExt1(Uk, F ) = 〈uk, v −
muk〉 = 2m+ 〈v, uk〉. For a subspace V of Ext1(Uk, F ) with dimV = m, take the associated extension
(3.17) 0→ F → E → Uk ⊗ V → 0,
then E ∈ M(β,ω,k)(v)m. Conversely for E ∈M(β,ω,k)(v)m, we have F ∈ M(β,ω,k)(v−muk)0 fitting in (3.17)
by Lemma 3.3.3.
(2) For F ∈ M(β,ω,k+1)(v−muk)0, Hom(F,Uk) = Ext2(F,Uk) = 0. For a subspace V of Ext1(F,Uk) with
dimV = m, we take the associated extension
(3.18) 0→ Uk ⊗ V ∨ → E → F → 0.
Then E ∈ M(β,ω,k+1)(v)m. Conversely for E ∈ M(β,ω,k)(v)m, we have F ∈ M(β,ω,k)(v −muk)0 fitting in
(3.18) by Lemma 3.3.4. 
Proposition 3.3.7. For E ∈ M(β,ω,k)(v), if E is S-equivalent to E0 ⊕E1 such that E0 is σ(β,ω)-stable and
E1 ∈ SW , then Hom(E,E) ∼= k. In particular, if d = dmin, then Hom(E,E) ∼= k for all E ∈ M(β,ω,k)(v).
Proof. Let ϕ : E → E be a homomorphism in A(β,ω−) such that kerϕ 6= 0 and cokerϕ 6= 0. Then
kerϕ, imϕ, cokerϕ are σ(β,ω)-semi-stable objects. By our assumption, kerϕ, cokerϕ ∈ SW or imϕ ∈ SW .
In the first case, E ∈M(β,ω,k)(v) implies that
−〈v(kerϕ), η + (η, β)̺X〉
rk kerϕ
≤ −〈uk−1, η + (η, β)̺X〉
rkuk−1
,
−〈v(cokerϕ), η + (η, β)̺X〉
rk cokerϕ
≥ −〈uk, η + (η, β)̺X〉
rkuk
.
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Since v(kerϕ) = v(cokerϕ), we have − 〈uk,η+(η,β)̺X〉rkuk ≤ −
〈uk−1,η+(η,β)̺X〉
rkuk−1
, which is a contradiction. In the
second case, we also see that
−〈uk, η + (η, β)̺X〉
rkuk
≤ −〈v(imϕ), η + (η, β)̺X〉
rk imϕ
≤ −〈uk−1, η + (η, β)̺X〉
rkuk−1
,
which is a contradiction. Therefore ϕ is an isomorphism or ϕ = 0. Then we see that Hom(E,E) = k by a
standard argument. 
Proposition 3.3.8. Assume that d = dmin. Then M(β,ω,k)(v), 1 ≤ k ≤ n, are all birationally equivalent.
Proof. We set m := max{−〈v, uk〉, 0}. Then M(β,ω,k)(v)m is an open dense substack of M(β,ω,k)(v) and
M(β,ω,k+1)(v)m is an open dense substack of M(β,ω,k+1)(v). For the proof of the claim, it is sufficient to
show M(β,ω,k+1)(v)m ∼=M(β,ω,k)(v)m. If m = 0, then M(β,ω,k)(v)0 ∼=M(β,ω,k+1)(v)0. Assume that m > 0.
Let ΦUk be the reflection functor. Then for E ∈M(β,ω,k+1)(v)m, we have
ΦUk(E) = coker(Uk ⊗Hom(Uk, E)→ E)
and E′ := ΦUk ◦ ΦUk(E) fits in an exact sequence
0→ E → E′ → Ext1(Uk,ΦUk(E)) ⊗ Uk → 0.
Then we see that E′ ∈M(β,ω,k)(v)m. Hence we have an isomorphismM(β,ω,k+1)(v)m →M(β,ω,k)(v)m. 
Corollary 3.3.9. Assume that d = dmin.
(1) The birational type of M(β,ω)(v) does not depend on the choice of general ω.
(2) Let Φ be the Fourier-Mukai transform in § 2.3. If rk v ≥ 0, then MH(v) is birationally equivalent to
MH′(w), where w = −Φ(v) for − rkΦ(v) ≥ 0 and w = Φ(v)∨ for − rkΦ(v) < 0.
Proof. (1) We note that M(β,ω,1)(v) =M(β,ω−)(v) andM(β,ω,n+1)(v) =M(β,ω+)(v). By Proposition 3.3.8,
M(β,ω−)(v) is birationally equivalent to M(β,ω+)(v). Since the stability is independent of each chamber, we
get our claim.
(2) The claim follows from (1), the equivalence Φ[1] : A→ A′µ and the proof of Corollary 2.2.10. 
3.4. The wall crossing formula for the numbers of semi-stable objects over Fq.
3.4.1. The wall crossing formula for counting invariants was obtained by Toda [T]. Here we only consider
its specialization.
Let Fq be the finite field with q elements.
Definition 3.4.1. We denote the set of semi-stable objects over Fq by M(β,ω)(v)(Fq).
We shall study the weighted number of semi-stable objects over Fq:∑
E∈M(β,ω)(v)(Fq)
1
#Aut(E)
.
We start with the moduli of β-twisted semi-stable objects of C. By Remark 1.2.6, we have a quotient stack
description MβH(v)ss = [Qss/GL(N)], where Qss is an open subscheme of a suitable quot-scheme. Since
every GL(N)-orbit O over Fq contains a Fq-rational point (cf. [L, Thm. 2]), we have #O(Fq) = #GL(N)(Fq)
and
(3.19)
∑
E∈MβH(v)ss(Fqn )
1
#Aut(E)
=
#Qss(Fqn)
#GL(N)(Fqn)
.
Remark 3.4.2. Let Qs be the open subset of Qss parametrizing stable sheaves. Since Qs → MβH(v) is a
principal PGL(N)-bundle, [L, Thm. 2] also says that
#MβH(v)(Fq) = (q − 1)
#Qs(Fq)
#GL(N)(Fq)
.
Let us compute the wall crossing formula for
∑
E∈M(β,ω)(v)(Fq)
1
#Aut(E) . We first treat the case where ω
belongs to a wall W for stabilities in Definition 3.1.3. By using Desale and Ramanan [DR], we see that
(3.20)
∑
E∈M(β,ω)(v)(Fq)
1
#Aut(E)
=
∑
E∈M(β,ω±)(v)(Fq)
1
#Aut(E)
+
∑
(v1,...,vs)
q
∑
i>j〈vi,vi〉
s∏
i=1
 ∑
E∈M(β,ω±)(vi)(Fq)
1
#Aut(E)
 ,
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where v1, . . . , vs satisfies v =
∑s
i=1 vi, φ(vi) = φ(v) and φ±(v1) > φ±(v2) > · · · > φ±(vs).
We next treat the case where ω belongs to a wall W for categories in Definition 1.4.3. For v with
Z(β,ω)(v) = 0, we set
M(β,ω−)(v) :={E ∈ SW | v(E) = v}, φ−(v) = 1,
M(β,ω+)(v) :={E ∈ SW | v(E) = v}, φ+(v) = 0.
Then we get
(3.21)
∑
E∈M(β,ω)(v)(Fq)
1
#Aut(E)
=
∑
E∈M(β,ω±)(v)(Fq)
1
#Aut(E)
+
∑
(v1,...,vs)
q
∑
i>j〈vi,vi〉
s∏
i=1
 ∑
E∈M(β,ω±)(vi)(Fq)
1
#Aut(E)
 ,
where v1, . . . , vs satisfies
(1) v =
∑
i vi,
(2) Z(β,ω)(vi) ∈ R≥0Z(β,ω)(v),
(3) 1 ≥ φ−(v1) > φ−(v2) > · · · > φ−(vs) > 0 and 1 > φ+(v1) > φ+(v2) > · · · > φ+(vs) ≥ 0.
For v1, . . . , vs with v =
∑
i vi, Z(β,ω)(vi) ∈ R≥0Z(β,ω)(v), the condition
1 ≥ φ−(v1) > φ−(v2) > · · · > φ−(vs) > 0
is equivalent to
1 > φ+(vs) > φ+(vs−1) > · · · > φ+(v1) ≥ 0.
By the induction on d, we get the following claim, which is a special case of [T].
Proposition 3.4.3. ∑
E∈M(β,ω−)(v)(Fq)
1
#Aut(E)
=
∑
E∈M(β,ω+)(v)(Fq)
1
#Aut(E)
.
Proof. We prove the claim by induction on d. By the wall crossing formula (3.20) (3.21), it is sufficient to
prove the claim for d = dmin. In this case, by Proposition 3.3.6, we get∑
E∈M(β,ω,k)(v)m(Fq)
1
#Aut(E)
=
∑
E∈M(β,ω,k+1)(v)m(Fq)
1
#Aut(E)
.
Then using the Brill-Noether locus given in Definition 3.3.5, we have∑
E∈M(β,ω,k)(v)(Fq)
1
#Aut(E)
=
∑
m
∑
E∈M(β,ω,k)(v)m(Fq)
1
#Aut(E)
=
∑
m
∑
E∈M(β,ω,k+1)(v)m(Fq)
1
#Aut(E)
=
∑
E∈M(β,ω,k+1)(v)(Fq)
1
#Aut(E)
.
Since M(β,ω,1)(v) =M(β,ω−)(v) and M(β,ω,n+1)(v) =M(β,ω+)(v), we get the claim. 
Proposition 3.4.4. If ω is general, then∑
E∈M(β,ω)(v)(Fq )
1
#Aut(E)
=
∑
E∈Mβ
H
(±v)ss(Fq)
1
#Aut(E)
.
Proof. By Proposition 3.4.3 and Corollary 2.2.8, we have∑
E∈M(β,ω)(v)(Fq )
1
#Aut(E)
=
{∑
E∈Mβ
H
(v)ss(Fq)
1
#Aut(E) , rk v ≥ 0∑
E∈M−βH (−v∨)ss(Fq)
1
#Aut(E) , rk v < 0.
Then the claim follows from Proposition 3.4.6 below. 
Corollary 3.4.5. Let Φ : D(X) → D(X ′) be a Fourier-Mukai transform associated to a moduli of stable
sheaves. Then ∑
E∈MβH(v)ss(Fq)
1
#Aut(E)
=
∑
E∈Mβ′
H′
(±Φ(v))ss(Fq)
1
#Aut(E)
.
Proof. The claim follows from Proposition 2.3.1 and Proposition 3.4.4. 
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3.4.2. We shall prove the following result.
Proposition 3.4.6. Assume that rk v > 0.∑
E∈Mβ
H
(v)ss(Fq)
1
#Aut(E)
=
∑
E∈M−β
H
(v∨)ss(Fq)
1
#Aut(E)
.
By the Harder-Narasimhan filtration, we can write down∑
E∈MH(v)µ-ss(Fq)
1
#Aut(E)
−
∑
E∈Mβ
H
(v)ss(Fq)
1
#Aut(E)
by using
∑
E∈Mβ
H
(v′)ss(Fq)
(#Aut(E))−1 with rk v′ < rk v. By the induction on rk v, the proof of Proposition
3.4.6 is reduced to show the following claim.
Lemma 3.4.7. Assume that rk v > 0.∑
E∈MH(v)µ-ss(Fq)
1
#Aut(E)
=
∑
E∈MH(v∨)µ-ss(Fq)
1
#Aut(E)
.
Indeed if rk v = 1, then Lemma 3.4.7 implies Proposition 3.4.6.
Definition 3.4.8. Let M(β,∞)(v) be the stack consisting of E ∈ Aµ with v(E) = v such that H−1(E) is a
µ-semi-stable object and H0(E) is a 0-dimensional object.
Lemma 3.4.9. Let E be an object of Aµ with v(E) = v. Then E ∈ M(β,∞)(v) if and only if we have a
filtration
(3.22) 0 ⊂ F1 ⊂ F2 ⊂ F3 = E
such that F1 and F3/F2 are 0-dimensional, F2/F1[−1] is a local projective object of C, Hom(A,F3/F1) = 0
for any 0-dimensional object A ∈ C.
Proof. For an object E of Aµ with dimH0(E) = 0, by Lemma 3.4.10, we have an exact sequence
0→ H−1(E)→ F → T → 0
in C such that F is a local projective object of C and T is a 0-dimensional object of C.
Then we have an injective morphism T → H−1(E)[1] → E in Aµ and we get a quotient E/T in Aµ.
E/T is a complex such that H−1(E/T ) = F and H0(E/T ) = H0(E). Let A be a 0-dimensional subobject
of E/T , then A → H0(E/T ) is injective. Hence there is a maximal 0-dimensional subobject B of E/T .
Then there is a 0-dimensional subobject F1 of E such that T ⊂ F1 and F1/T = B. It is easy to see that
H−1(E/T )→ H−1(E/F1) is isomorphic. We take F1 ⊂ F2 ⊂ F3 = E as F2/F1 = H−1(E/F1)[1]. Then the
filtration satisfies the required properties.
Conversely if there is a filtration (3.22), we have an exact sequence
0→ H−1(E)→ H−1(F2/F1)→ F1 → H0(E)→ H0(F3/F2)→ 0
in C. Hence the claim holds. 
Lemma 3.4.10. For a torsion free object E of C, we have a unique extension
0→ E → F → T → 0
in C such that F is a local projective object of C and T is a 0-dimensional object of C.
Proof. For a torsion free object E1 := E of C, if Hom(A1, E1[1]) 6= 0 for a 0-dimensional irreducible object
A1, then we take a non-trivial extension
0→ E1 → E2 → A1 → 0.
Then E2 is a torsion free object of C. If Hom(A2, E2[1]) 6= 0 for 0-dimensional object A2 of C, then a
non-trivial extension
0→ E2 → E3 → A2 → 0
gives a torsion free object E3 of C. Continuing this procedure, we get a sequence of torsion free objects
E1 ⊂ E2 ⊂ · · · ⊂ En ⊂ · · · with v(Ei) = v(E1) +
∑i−1
j=1 v(Aj). By using the Bogomolov’s inequality for
µ-semi-stable objects and Lemma 3.4.11 below, we see that 〈v(Ei)2〉 ≥ −N , where N depends on rkE and
the Harder-Narasimhan filtration of E1 with respect to the µ-semi-stability. We set
v(E1) =re
β + a̺X + (dH +D + (dH +D, β)̺X), r > 0,
v(Ai) =bi̺X + (Di + (Di, β)̺X), bi > 0.
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Then
〈v(Ei)2〉 − 〈v(E1)2〉 = −2r
i−1∑
j=1
bj + ((D +
i−1∑
j=1
Dj)
2)− (D2) ≤ −2r
i−1∑
j=1
bj − (D2).
Therefore there is an n such that Hom(A,En[1]) = 0 for all 0-dimensional object A. Thus we get a desired
local projective object. The uniqueness follows from Hom(T, F [1]) = 0. 
Lemma 3.4.11. For µ-semi-stable objects Ei (i = 1, 2) of C with
v(Ei) = rie
β + ai̺X + (diH +Di + (diH +Di, β)̺X), ri > 0, (Di, H) = 0,
we have
〈v(E1), v(E2)〉 ≥ − 1
2r1r2
(r2d1 − r1d2)2(H2)− 2r1r2.
Proof. The claim follows from the Bogomolov inequality and
〈v(E1), v(E2)〉
r1r2
= −1
2
(
d1
r1
− d2
r2
)2
(H2)− 1
2
(
D1
r1
− D2
r2
)2
+
1
2
( 〈v(E1)2〉
r21
+
〈v(E2)2〉
r22
)
.

By the proof of Proposition 2.2.7, we get the following result.
Lemma 3.4.12. E is a µ-semi-stable object of CD with degG∨(E) > 0 if and only if E
∨[1] is an ob-
ject of Fµ such that H−1(E∨[1]) is a µ-semi-stable object of C, H0(E∨[1]) is a 0-dimensional object and
Hom(A,E∨[1]) = 0 for all 0-dimensional objects A of C.
By Lemma 3.4.9 and Lemma 3.4.12, we have the following expressions:∑
E∈M(β,∞)(v)(Fq)
1
#Aut(E)
=
∑
v1+v2=v
q〈v2,v1〉
 ∑
E∈MH(−v1)µ-ss(Fq)
1
#Aut(E)
 ∑
E∈MH(v2)ss(Fq)
1
#Aut(E)

with rk v2 = (c1(v2), H) = 0. We also have∑
E∈M(β,∞)(v)(Fq)
1
#Aut(E)
=
∑
v1+v2=v
q〈v2,v1〉
 ∑
E∈MH(−v∨1 )µ-ss(Fq)
1
#Aut(E)
 ∑
E∈MH(v2)ss(Fq)
1
#Aut(E)

with rk v2 = (c1(v2), H) = 0. Note that if we set
v = −reβ + a̺X + (dH +D + (dH +D, β)̺X), v2 = a2̺X + (D2 + (D2, β)̺X),
then
−2r2 ≤ 〈v21〉 − (〈v2〉 − (D2)) = −2ra2 + ((D −D2)2).
Hence the choice of v2 is finite, so the above equalities are well-defined. By the induction on rk v, we get
Lemma 3.4.7.
4. The wall crossing behavior on an abelian surface
4.1. The wall defined by an isotropic Mukai vector. In this subsection, we assume that X is an
abelian surface over a field k. Let k be the algebraic closure of k. We note that A = Aµ and all A(β,ω) are
the same. Since there is no wall for categories, we shall simply use the word a wall in the meaning of a
wall for stabilities. We fix β = bH + η and study the wall crossing behavior with respect to ω ∈ Q>0H . By
Definition 3.1.3, we have the following proposition.
Proposition 4.1.1. Assume that d > 0. If v is a primitive and isotropic Mukai vector, then the stability
does not depend on the choice of ω. In particular,
M(β,ω)(v) ={E | E is a semi-homogeneous sheaf of v(E) = v}, rk v ≥ 0,
M(β,ω)(v) ={F [1] | F is a semi-homogeneous sheaf of v(F ) = −v}, rk v < 0.
By Proposition 5.2.1, we have M(β,ω)(v) 6= ∅ if v is defined over k.
Let w1 be a primitive and isotropic Mukai vector. We shall study σ(β,ω)-stable objects for (β, ω) lying
on the wall Ww1 of type w1 for v. We set X1 := M(β,ω)(w1). Let Φ
E
∨
X→X1 : D(X) → Dα(X1) be the
Fourier-Mukai transform defined by the universal family E on X ×X1 as a (1X ×α−1)-twisted sheaf, where
α is a representative of [α] ∈ H2e´t(X1,O×X1) (for the construction of E, see § 4.2 below).
Lemma 4.1.2. Assume that k is algebraically closed. Let E be a stable object of A and assume that φ(E) =
φ(w1).
(1) 〈v(E), w1〉 ≥ 0.
35
(2) If 〈v(E), w1〉 = 0, then there is a point x1 of X1 such that E = ΦEX1→X(Fx1) ∈ M(β,ω)(w1), where
Fx1 corresponds to kx1 via Coh
α(Spec(k)) ∼= Coh(Spec(k)).
(3) If 〈v(E), w1〉 > 0, then Hom(E1, E) = Ext2(E1, E) = 0 for any stable object E1 with v(E1) ∈ Zw1.
In particular, if 〈v(E), w1〉 = 1, then 〈v(E)2〉 = 0.
Proof. Let E1 be a stable object with v(E1) ∈ Zw1. We first note that Hom(E1, E) 6= 0 or Hom(E,E1) 6= 0
implies that E ∼= E1.
Since dimX1 > 0, we have a point x1 of X1 such that Φ
E
X1→X(Fx1) 6= E. Then
〈v(E), w1〉 = 〈v(E), v(ΦEX1→X(Fx1))〉 = −χ(E,ΦEX1→X(Fx1)) ≥ 0.
Thus (1) holds. We also have the first part of (3).
Assume that E 6= ΦEX1→X(Fx1) for any point x1 ∈ X1. Then ΦE
∨
X→X1(E)[1] is a locally free α-twisted
sheaf of rank 〈v(E), w1〉 on X1. If 〈v(E), w1〉 = 0, then we have ΦE∨X→X1(E)[1] = 0, which implies that
E = 0. Therefore E ∼= ΦEX1→X(Fx1) for a point x1 ∈ X1. Thus (2) holds.
If 〈v(E), w1〉 = 1, then ΦE∨X→X1(E)[1] is a line bundle on X1. Hence 〈v(E)2〉 = 〈v(ΦE
∨
X→X1 (E)[1])
2〉 = 0.
Thus the second part of (3) follows. 
By the above lemma, we are interested in a (semi-)stable object E with 〈v(E), w1〉 = 1. We have the
following descriptions of such objects.
Lemma 4.1.3. Let E be a semi-stable object with 〈v(E), w1〉 = 1. Then E is S-equivalent to E0 ⊕⊕si=1Ei,
where E0 is a stable object with 〈v(E0)2〉 = 0 and 〈v(E0), w1〉 = 1, and Ei (i > 0) are stable objects with
v(Ei) ∈ Zw1.
Proposition 4.1.4. Assume that ω± ∈ Q>0H are sufficiently close to ω and (ω2−) < (ω2) < (ω2+). For v,
assume that 〈v, w1〉 = 1 and degG(w1) > 0.
(1) There are fine moduli schemes M(β,ω±)(v), which are isomorphic to Pic
0(X1)×Hilb〈v
2〉/2
X1
.
(2) The universal families on X ×M(β,ω±)(v) are the simple complexes in [YY1, Thm. 4.9].
Proof. Let φ± be the phase function of Z(β,ω±). Since 〈v, w1〉 = 1, X1 is a fine moduli space, i.e., E is
a coherent sheaf. We first assume that φ±(w1) < φ±(v). We shall show that E ∈ M(β,ω±)(v) if and
only if ΦE
∨
X→X1(E)[1] is a torsion free sheaf of rank 1. Since (Φ
E
∨
X→X1(E)) ⊗k k = Φ
(E⊗kk)∨
X
k
→(X1)k(E ⊗k k),
we may assume that k is algebraically closed. In this case, for E ∈ M(β,ω±)(v) and a point x1 of X1,
Ext2(E|X×{x1}, E) = Hom(E,E|X×{x1})
∨ = 0. If ψ : E → E|X×{x1} is a non-trivial morphism, then ψ
is surjective and kerψ is semi-stable. Since Hom(E|X×{x1},E|X×{x′1}) 6= 0 if and only if x1 = x′1, we see
that Hom(E,E|X×{x1}) = 0 except for finitely many points of X1. Hence Φ
E
∨
X→X1(E)[1] is a torsion free
sheaf of rank 1. Replacing the universal family E, we may assume that c1(Φ
E
∨
X→X1(E)[1]) = 0. Thus
ΦE
∨
X→X1(E)[1] = IZ ⊗ L, L ∈ Pic0(X1) and IZ ∈ Hilb
〈v2〉/2
X1
.
Conversely for a torsion free sheaf IZ ⊗ L, we shall prove the stability of ΦEX1→X(IZ ⊗ L)[1]. We note
that ΦEX1→X(L)[1] ∈ M(β,ω)(w0) where w0 is a Mukai vector such that 〈w20〉 = 0 and 〈w0, w1〉 = 1, and
ΦEX1→X(OZ) = E|X×Z is a semi-stable object with v(ΦEX1→X(OZ)) = nw1, n = dimkOZ . Hence we have an
exact sequence in A:
0→ ΦEX1→X(OZ)→ ΦEX1→X(IZ ⊗ L)[1]→ ΦEX1→X(L)[1]→ 0.
Let E1 be a stable quotient object of Φ
E
X1→X(IZ ⊗L)[1] such that φ±(v) > φ±(E1). Then E1 is σ(β,ω)-semi-
stable and φ(E1) = φ(v). By Lemma 4.1.3, v(E1) = n0w0 + n1w1 with n0 = 0 or 1. Since φ±(w1) < φ±(v),
we see that n0 = 0. By Lemma 4.1.2 (2), E1 = Φ
E
X1→X(kx1), x1 ∈ X1. Since Hom(ΦEX1→X(IZ ⊗L)[1], E1) =
Hom(IZ⊗L[1], F ) = 0, we get a contradiction. Therefore ΦEX1→X(IZ⊗L)[1] is semi-stable. By Lemma 4.1.3,
it is easy to see thatM(β,ω±)(v) consists of stable objects. Hence we get that ΦE
∨[1]
X→X1 induces an isomorphism
M(β,ω±)(v)→ Pic0(X1)×Hilb〈v
2〉/2
X1
. Thus (1) holds.
We next assume that φ±(w1) > φ±(v). In this case, we see that ΦEX→X1(E
∨)[1] is a torsion free sheaf of
rank 1. By this correspondence, we get (1).
The relation with [YY1, Thm. 4.9] follows from the proof of [YY1, Thm. 4.9]. 
Corollary 4.1.5. Under the same assumption of Proposition 4.1.4, we have an isomorphism M(β,ω+)(v)→
M(β,ω−)(v) by a contravariant Fourier-Mukai functor.
Proof. Assume that φ±(w1) < φ±(v). Then the isomorphism M(β,ω±)(v)→M(β,ω∓)(v) is given by
M(β,ω±)(v) ∋ E 7→ ΦE[1]X1→X(Φ
E
∨[1]
X→X1 (E)
∨).

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4.2. Twisted relative Fourier-Mukai transforms. Let S be a scheme of finite type over Z and f : X → S
a family of abelian surfaces such that there is a family of Cartier divisors H which is relatively ample, there
is a section of f , and there is a family of β ∈ NS(X/S)Q of algebraic classes. Let ̺X be the cohomology
class represented by a section of f . Then Pic0X/S → S is a smooth morphism by [MFK, Prop. 6.7].
For w = (r,D, a) ∈ Z ⊕ NS(X/S) ⊕ Z̺X and γ ∈ NS(X/S)Q, we have the relative moduli scheme
Mγ(X ,H)/S(w)→ S of γs-twisted semi-stable sheavesE on Xs with v(E) = ws. We shall recall the construction
of a universal family as a twisted sheaf. We note that M := Mγ(X ,H)/S(w) is a GIT-quotient of an open
subscheme Q of QuotV⊗SG/X/S by G = PGL(V ), where V = O⊕NS and G is a locally free sheaf on X . By
[Ma, Prop. 6.4], Q→M is a principal G-bundle, that is, Q×G ∼= Q×M Q. Let ξ : V ⊗S OQ ⊗S G → Q be
the universal quotient. Since Q → M is a principal G-bundle, we have morphisms ιi : Ui → Q (i ∈ I) such
that ϕi : Ui → Q→M gives an e´tale covering. Thus for U :=
∐
i∈I Ui, U →M is e´tale and surjective. We
set Uij := Ui ×M Uj and Uijk := Ui ×M Uj ×M Uk. Let pij : Uij → Ui and qij : Uij → Uj be the first and
the second projections. Let ϕij : Uij → Q → M be the morphism defined by ϕij = ϕi ◦ pij = ϕj ◦ qij . We
set Ei := (ιi × 1X )∗(Q).
Since the G-action on Q induces an isomorphism µ : Q×G→ Q×MQ, we have a morphism gij : Uij → G
such that for the morphism (ιi ◦pij)×gij : Uij → Q×SG, the equality µ◦((ιi◦pij)×gij) = (ιi◦pij)×(ιj ◦qij)
holds. Replacing U by an e´tale covering U ′ → U , we may assume that gij : Uij → G is lifted to a morphism
φij : Uij → GL(V ) ([Mi, Lem. 2.19]). Then we have a commutative diagram
(4.1)
V ⊗OUij ⊗S G
(gij ·(ιi◦pij))∗(ξ)−−−−−−−−−−−→ (gij · (ιi ◦ pij))∗(Q)
φij
y y
V ⊗OUij ⊗S G −−−−−−−→
(ιi◦pij)∗(ξ)
(ιi ◦ pij)∗(Q)
,
where gij · : Q(Uij) → Q(Uij) is the multiplication by gij on the set of Uij-valued points of Q. Since
gij · (ιi ◦ pij) = ιj ◦ qij , we have isomorphisms φ′ij : (pij × 1X )∗(Ei) → (qij × 1X )∗(Ej). Since φki ◦ φjk ◦
φij = αijk idV⊗OUijk , αijk ∈ H0(Uijk,O×Uijk ) and (φ′ki ◦ φ′jk ◦ φ′ij) ◦ ξ = ξ ◦ (φki ◦ φjk ◦ φij), we have
φ′ki ◦φ′jk ◦φ′ij = αijk id(Ei)jk , where (Ei)jk is the pull-back of Ei to Uijk×S X . Thus E := ({Ei}, {φ′ij}) defines
an (α× 1X )-twisted sheaf on M ×S X , where α = {αijk} is a Cˇech 2-cocycle of O×M with respect to the e´tale
covering U →M . Then E gives a desired universal family.
Remark 4.2.1. If there is a relative Cartier divisor ξ such that gcd(r, a, (ξ,D)) = 1, then there is a universal
family E on X ×S Mγ(X ,H)/S(w).
Let (R,m) be an artinian local ring with the residue field κ and I an ideal of R with mI = 0. We set
T = Spec(R) and T ′ = Spec(R/I). For a family of stable sheaves E on X ×S T ′, detE is unobstructed,
hence the obstruction for the lifting to X ×S T belongs to Ext2(Eκ, Eκ)0 = 0, where Ext2(Eκ, Eκ)0 is the
kernel of the trace map Ext2(Eκ, Eκ)→ H2(Xκ,OXκ). Therefore Mγ(X ,H)/S(w)→ S is smooth.
If 〈w2〉 = 0, then X ′ := Mγ(X ,H)/S(w) is a smooth family of projective surfaces parametrizing semihomo-
geneous sheaves. Then Φ
E∨s
Xs→X ′s : D(Xs) → Dα
−1
(X ′s) is an equivalences for any point s ∈ S. Indeed since
the Kodaira-Spencer map for Mγ(X ,H)/S(w) is isomorphic, Bridgeland’s criterion for equivalence works over
any field.
Proposition 4.2.2. Assume that Φ
E∨s
Xs→X ′s induces an isomorphism M(βs,ωs)(v)→M
G′s
H′s(v
′)ss for all s ∈ S,
where v′ ∈ Z ⊕ NS(X ′/S) ⊕ Z̺X ′ and G′ is a locally free α−1-twisted sheaf on X ′. Then the relative
moduli stack M(β,ω)(v) is a quotient stack [Qss/GL(V )], where Qss is an open subscheme of a quot-scheme
QuotV⊗SG′/X ′/S and we have a relative moduli scheme M(β,ω)(v)→ S as a projective scheme over S.
For a S-scheme φ : T → S and a family of complexes E on X ×S T such that E|Xφ(t) is σ(βφ(t),ωφ(t))-semi-
stable for all t ∈ T , ΦE∨TXT→X ′T (E) is a family of G
′-twisted semi-stable α−1-twisted sheaves. Hence we have
a morphism T →MG′(X ′,H′)/S(v′).
Under the same assumption, the σ(βφ(t),ωφ(t))-semi-stability is an open condition: Indeed for a strictly per-
fect complex E (which is the same as relatively perfect complex by the projectivity of XT → T ), ΦE
∨
T
XT→X ′T (E)
is a strictly perfect complex on X ′T → T .
{t ∈ T | ΦE∨TXT→X ′T (E) ⊗T k(t) ∈ M
G′
(X ′,H′)/S(v
′)}
is an open subset of T .
Remark 4.2.3. The same claims hold for a family of polarized K3 surfaces.
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4.3. Estimates of the wall-crossing terms. We shall estimate the dimension of the wall-crossing terms
by computing the weighted numbers. For this purpose, we quote the following result of Lang and Weil [LW].
Proposition 4.3.1 (Lang-Weil). Let Z be an algebraic set over Fq with dimZ = k. Then
#Z(Fqn) = Nq
nk +O(qn(k−1/2)),
where N is the number of irreducible components of dimension k. In particular,
1
qndimM
β
H
(v)ss
 ∑
E∈MβH(v)ss(Fqn )
1
#Aut(E)

is bounded by a constant which is independent of n.
Lemma 4.3.2. For a Mukai vector v, we write v = lv′, where v′ is primitive and l > 0. Assume that
(H, β) is general with respect to v, that is, for any E ∈MβH(v)ss, the S-equivalence class ⊕iEi of E satisfies
v(Ei) ∈ Qv. Then
dimMβH(v)ss =

〈v2〉+ 1, 〈v2〉 > 0,
〈v2〉+ l, 〈v2〉 = 0,
〈v2〉+ l2, 〈v′2〉 = −2.
Proof. The proof is similar to those for [KY, Lem. 3.2, Lem. 3.3]. 
Remark 4.3.3. For an abelian surface, stronger results hold ([KY, Lem. 3.8]):
dimMH(v)µ-ss = 〈v2〉+ 1
for 〈v2〉 > 0.
Lemma 4.3.4. Let v =
∑s
i=1 vi be the decomposition in (3.5) with (3.6). Assume that 〈v2i 〉 ≥ 0 for all i
(e.g., X is an abelian surface).
(1) For i 6= j, (i) 〈vi, vj〉 ≥ 3, or (ii) 〈vi, vj〉 = 1, 2 and 〈v2i 〉 = 0 or 〈v2j 〉 = 0.
(2) Assume that (H, β) is general with respect to v and all vi. Then
(a)
dimMβH(v)ss −
∑
i>j
〈vi, vj〉 −
∑
i
dimMβH(vi)ss ≥ 1
unless s = 2, {v1, v2} = {lu1, u2}, 〈u21〉 = 0, 〈u1, u2〉 = 1.
(b) If
dimMβH(v)ss −
∑
i>j
〈vi, vj〉 −
∑
i
dimMβH(vi)ss = 1,(4.2)
then one of the following conditions holds:
(b1) s = 2, {v1, v2} = {u1, u2}, 〈u21〉 = 0, 〈u1, u2〉 = 2, u1 is primitive,
(b2) s = 2, {v1, v2} = {2u1, 2u2}, 〈u21〉 = 〈u22〉 = 0, 〈u1, u2〉 = 1,
(b3) s = 3, 〈v2i 〉 = 0, 〈vi, vj〉 = 1 and 〈v2〉 = 6,
(b4) s = 3, {v1, v2, v3} = {u1, u2, u1 + u2}, 〈u21〉 = 〈u22〉 = 0, 〈u1, u2〉 = 1 and v = 2(u1 + u2).
Proof. (1) Since (djri − dirj)(djai − diaj) > 0, by (3.1) and the Hodge index theorem, we have
〈vi, vj〉 > 1
2
(
d2
d1
〈v2i 〉+
d1
d2
〈v2j 〉
)
≥
√
〈v2i 〉〈v2j 〉 ≥ 0.
If 〈v2i 〉, 〈v2j 〉 > 0, then 〈vi, vj〉 ≥ 3. Therefore (1) holds.
(2) We write vi = liv
′
i, v
′
i is primitive.
dimMβH(v)ss −
∑
i>j
〈vi, vj〉 −
∑
i
dimMβH(vi)ss =
∑
i<j
〈vi, vj〉 −
∑
i
(dimMβH(vi)ss − 〈v2i 〉) + 1
≥
∑
i<j
lilj〈v′i, v′j〉 −
∑
i
li + 1
≥
∑
i<j
lilj −
∑
i
li + 1.
(4.3)
If the equality holds, then (i) 〈v′i, v′j〉 = 1 for all i < j and (ii) for all i, li = 1 or 〈v2i 〉 = 0. If s ≥ 3, then∑
i<j
lilj −
∑
i
li + 1 >
∑
i<s
lils −
∑
i
li + 1 = (
∑
i<s
li)(ls − 1)− ls + 1 ≥ 0.
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Assume that s = 2. Then ∑
i<j
lilj −
∑
i
li + 1 = (l1 − 1)(l2 − 1) ≥ 0.
Hence if
dimMβH(v)ss −
∑
i>j
〈vi, vj〉 −
∑
i
dimMβH(vi)ss = 0,
then s = 2, 〈v′1, v′2〉 = 1. Moreover if 〈v2i 〉 > 0, then li = 1. Hence (a) holds.
Assume that (4.2) holds. Then by the estimate in (4.3), we have∑
i<j
lilj(〈v′iv′j〉 − 1) = 1 or
∑
i<j
lilj −
∑
i
li + 1 = 1.(4.4)
In the first case, s = 2, 〈v′1, v′2〉 = 2, l1 = l2 = 1 and 〈v21〉〈v22〉 = 0. This is the case (b1).
In the second case, s = 2 or 3. If s = 2, l1 = l2 = 2, 〈v1〉 = 〈v22〉 = 0 and 〈v′1, v′2〉 = 1, which is the case
(b2).
Let us assume the second case in (4.4) and s = 3. Then {v1, v2, v3} = {u1, u2, u3} with 〈u21〉 = 〈u22〉 = 0 and
〈ui, uj〉 = 1. Since (β, ω) belongs to the wallsWv1 ,Wv2 ,Wv3 , we have from Lemma 3.1.7 that u1, u2, u3 ∈ ξ⊥v .
Since (ξ2v) > 0, 〈(u1 + u2)2〉 > 0 and u3 − u1 − u2 ∈ ξ⊥v ∩ (u1 + u2)⊥, we have 〈(u3 − u1 − u2)2〉 ≤ 0 and the
equality holds if and only if u3 = u1 + u2. On the other hand, we have
0 ≤ 〈u23〉 = 〈(u1 + u2)2〉+ 〈(u3 − u1 − u2)2〉 = 2 + 〈(u3 − u1 − u2)2〉.
Hence 〈(u3 − u1 − u2)2〉 = −2 or 0. If 〈(u3 − u1 − u2)2〉 = 0, then v = 2(u1 + u2) and 〈v2〉 = 8, which is the
case (b4). If 〈(u3 − u1 − u2)2〉 = −2, then 〈v2〉 = 4〈(u1 + u2)2〉 + 〈(u3 − u1 − u2)2〉 = 6, which is the case
(b3). 
Assume that X is an abelian surface over k and (β,H) is general with respect to v. We may assume that
X is defined over a finitely generated ring R over Z. Thus there is a smooth surface XR over R such that k
is an extension field of the quotient field of R and X ∼= XR ⊗R k. Lemma 3.1.9 implies that by a suitable
base change, we may assume that all v1 ∈ A∗alg((XR)s), s ∈ Spec(R) in Definition 3.1.3 (1) are defined over
R.
Proposition 4.3.5. For the family of surfaces XR → R, let ω1 and ω2 be general members of Q>0H which
are not separated by any wall Ww1 with 〈v, w1〉 = 1 and 〈w21〉 = 0. For the relative moduli stacks M(β,ωi)(v)
(i = 1, 2) over R, we set Zij :=M(β,ωi)(v) \M(β,ωj)(v) for {i, j} = {1, 2}.
(1) Assume M(β,ωi)(v) (i = 1, 2) are isomorphic to [Qssi /GL(Vi)], where Qssi are the open subschemes
of quot-schemes QuotVi⊗RGi/Xi/R, where Gi are locally free twisted sheaves on Xi. Then we get
codimM(β,ωi)(v)(Zij) ≥ 1 (and hence codimM(β,ωi)(v)k((Zij)k) ≥ 1). Moreover if there is no wall Ww1
with 〈v, w1〉 = 2 and 〈w21〉 = 0, then codimM(β,ωi)(v)(Zij) ≥ 2 (and hence codimM(β,ωi)(v)k((Zij)k) ≥
2). In particular, M(β,ω1)(v) ∩M(β,ω2)(v) is an open dense substack of each M(β,ωi)(v) (i = 1, 2).
(2) The assumption for M(β,ωi)(v) hold, if (ω2i ) ≫ 0 or 1 ≫ (ω2i ) > 0 or (β, ωi) is sufficiently close to
a wall Ww1 with 〈v, w1〉 = 1 and 〈w21〉 = 0.
Proof. (1) We take a reduction over Fq. We note that there are closed subschemes Zij of Q
ss
i such that
Zij = [Zij/GL(Vi)]. Hence ∑
E∈Zij(Fq)
1
#Aut(E)
=
#Zij(Fq)
#GL(Vi)(Fq)
.
We set β = bH + η, η ∈ H⊥. By Lemma 3.1.5, we can find an open neighborhood U of the segment
connecting (η, ω1) and (η, ω2) such that U does not intersect Ww1 with 〈v, w1〉 = 1 and 〈w21〉 = 0. We take
a path It := (ηt, ωt) (1 ≤ t ≤ 2) in U such that
(i) η1 = η2 = η,
(ii) It is very close to the segment I
′
t := (η1, ωt), 1 ≤ t ≤ 2,
(iii) It ∩Wv1 ∩Wv2 = ∅ for any Wv1 6= Wv2 satisfying the conditions (a),(b),(c) in Definition 3.1.3 and
(3.9).
Assume that (ηs, ωs) belongs to a wall W . Then for s± with s− < s < s+, s+−s− ≪ 1, we have the formula
(3.20), where (β, ω) and (β, ω±) are replaced by (bH + ηs, ωs) and (bH + ηs± , ωs±). Then (H, bH + ηs±) are
general with respect to vi in the sense of Lemma 4.3.2. Indeed if vi = vi1 + vi2 with
vij = rije
bH+ηs + aij̺X + dijH +Dij + (dijH +Dij , bH + ηs)̺X , dij > 0,
rij
dij
=
ri
di
,
aij
dij
=
ai
di
,
then vij/dij − v/d and vi/di − v/d define the same wall. By our assumption, we have vij/dij − v/d ∈
Q(vi/di−v/d). Hence we get vi1/di1−vi2/di2 = (ri1/di1−ri2/di2)w, w ∈ A∗alg(X)Q. Thus ri1/di1−ri2/di2 = 0
39
implies that vi1/di1−vi2/di2 = 0. In particular, we can apply Lemma 4.3.4 to estimate the weighted numbers
of Zij(Fqn). Thus by Lemma 4.3.4, Proposition 3.4.4, Proposition 4.3.1 and (3.20), we see that
lim
n→∞
1
qn(dimM
β
H
(v)ss−1/2)
 ∑
E∈Zij(Fqn )
1
#Aut(E)
 = 0.
By Proposition 4.3.1, dimZij ≤ dimMβH(v)ss − 1 = 〈v2〉. Moreover if there is no wall Ww1 with 〈v, w1〉 = 2
and 〈w21〉 = 0, then dimZij ≤ dimMβH(v)ss − 2 = 〈v2〉 − 1.
(2) The claim follows from Corollary 2.2.9 if (ω2i )≫ 0. If 1≫ (ω2i ), then the claim follows from the first
case by using the Fourier-Mukai transform Φ in subsection 2.3 and Proposition 4.2.2. For the last case, the
claim follows from Proposition 4.1.4. 
Remark 4.3.6. In [MYY], we shall show that the assumption of Proposition 4.2.2 holds for any general (β, ω).
Thus the assumption of M(β,ω)(v) holds for any general (β, ω).
4.4. Application.
Theorem 4.4.1 ([Y7, Thm. 1.1]). Assume that X is an abelian surface over a field k. Let Φ
E
∨[1]
X→X′ : D(X)→
D(X ′) be a Fourier-Mukai transform. Let v ∈ A∗alg(X) be a primitive Mukai vector with 〈v2〉 > 0. Let H
be an ample divisor on X which is general with respect to v. We set v′ := ±ΦE∨[1]X→X′(v) and assume that H ′
is general with respect to v′. Then there is an autoequivalence ΦFX′→X′ : D(X
′) → D(X ′) such that for a
general E ∈MH(v), F := ΦFX′→X′ ◦ΦE
∨[1]
X→X′(E) is a stable sheaf with v(F ) = v
′ or F∨ is a stable sheaf with
v(F∨) = v′, up to shift.
Proof. If rkE = 0, then we can decompose Φ
E
∨[1]
X→X′ into a composition of two Fourier-Mukai transforms
Φ
E
∨[1]
X→X′ = Φ
E
∨
1 [1]
X′′→X′Φ
E
∨
2 [1]
X→X′′ such that rkEi > 0 (i = 1, 2). Thus we may assume that rkE > 0. Then
E|X×{x′} is a µ-stable vector bundle with respect to any polarization. We also note that the β-twisted
semi-stability for E with v(E) = v does not depend on the choice of β, since H is a general polarization.
We set
β :=c1(E|X×{x′})/ rkE|X×{x′},
β′ :=c1(E∨|{x}×X′)/ rkE|{x}×X′.
(1) We first assume that d > 0. By Corollary 2.2.9, MβH(v)
∼=M(β,ω)(v) for (ω2)≫ 0. Applying ΦE
∨[1]
X→X′ ,
we have an isomorphism MβH(v)
∼=M(β′,ω′)(v′), where (ω′2)≪ 1. We shall study the wall-crossing behavior
between ω′ and tω′, t≫ 0. By Proposition 4.3.5, it is sufficient to study the wall Ww1 in Proposition 4.1.4.
Then we have an isomorphism M(β′,ω′−)(v
′) → M(β′,ω′+)(v′) by a contravariant Fourier-Mukai transform.
Therefore the claim holds in this case.
(2) We next assume that d < 0. We shall construct a rational map MβH(v) 99K M(β,ω)(v) for (ω
2) ≫ 0.
Then the same proof of case (1) implies the claim. We set v := l(r + ξ) + a̺X , l ∈ Z>0, gcd(r, ξ) = 1.
If r = 1, 2, then η := 2ξ/r ∈ NS(X). Then Corollary 2.2.8 implies that E1 := E∨ ⊗ L is a Bridgeland
stable object with v(E1) = v, where c1(L) = η. Thus we have an isomorphism M
β
H(v) → M(β,ω)(v) by this
correspondence. Assume that r ≥ 3. Let MH(v)∗ be the open subset of MβH(v) consisting of µ-stable locally
free sheaves. Then the proof of [KY, Lem. 3.5] implies that dimMβH(v) \MH(v)∗ ≤ dimMβH(v) − 1. By
Corollary 2.2.8, we have a desired embedding MH(v)
∗ →M(β,ω)(v).
(3) If d = 0, then the stability is preserved by E 7→ ΦE∨X→X′(E)∨ by [Y4, Thm. 2.3]. 
Let us explain the relation of this section with [Y7] and [YY1]. Let w1 be a primitive isotropic Mukai
vector. For the Mukai vector v in Proposition 4.1.4, we set w2 := v − 〈v
2〉
2 w1. Then 〈w22〉 = 0, 〈w1, w2〉 = 1
and degG(w2) > 0. We set
wi := rie
β + ai̺X + (diH +Di + (diH +Di, β)̺X).
Since 〈w2i 〉 = 0, we see that ai = ((diH+Di)
2)
2ri
. Hence
(ω2) =2
a1/d1 − a2/d2
r1/d1 − r2/d2
=
((H +D1/d1)
2)d1/r1 − ((H +D2/d2)2)d2/r2
(r1/d1 − r2/d2)
=− d1d2
r1r2
(H2) +
d2r2(D
2
1)− r1d1(D22)
r1r2(r1d2 − r2d1) .
(4.5)
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Assume that r1 < 0 and r2 > 0. (ω
2
+) > (ω
2) > (ω2−) means that φ+(w1) > φ+(w2) and φ−(w1) < φ−(w2).
For ω−, a general stable object E of v(E) = v fits in an exact sequence
0→ A[1]→ E → B → 0,
where A[1] ∈M(β,ω)(w1) and B ∈M(β,ω)(w2). In particular, E is an honest complex with H−1(E) = A and
H0(E) = B. On the other hand, for ω+, a general stable object E
′ of v(E′) = v fits in an exact sequence
0→ B → E′ → A→ 0,
where A[1] ∈ M(β,ω)(w1) and B ∈ M(β,ω)(w2). Thus by crossing the wall Ww1 from ω− to ω+, rkHi(E),
i = −1, 0 become smaller. This fact was a key in the proof of [Y7, Thm. 1.1].
Remark 4.4.2. If NS(X) = ZH , then (4.5) implies that we always have r1r2 < 0. Thus if there is a stable
object E which is a sheaf up to shift, then a general member is Gieseker stable.
In [YY1], we studied the set of pairs {(w1, w2)} by using the theory of quadratic forms. Thus a compu-
tation in [YY1] can be regarded as a computation of the set of walls {Ww1}. For a more detailed study of
walls, see [YY2].
4.5. Relations of Picard groups. Let X be an abelian surface over C. For a primitive Mukai vector
v = r + ξ + a̺X , ξ ∈ NS(X), assume that r > 0 or r = 0 and ξ is represented by an effective divisor. We
assume that H is general with respect to v. Then we have a locally trivial morphism a : MH(v)→ X × X̂ ,
which is the Albanese map of MH(v). Denote by KH(v) a fiber of a. Then KH(v) is an irreducible
symplectic manifold of dimKH(v) = 〈v2〉 − 2 which is deformation equivalent to a generalized Kummer
variety constructed by Beauville [Be]. For an irreducible symplectic manifold, Beauville constructed an
integral bilinear form on the second cohomology group. In our case, we have an isomorphism
θv : v
⊥ → H2(KH(v),Z)
which preserves the Hodge structure and the bilinear form [Y3]. Then we have an isomorphism
θv : A
∗
alg(X) ∩ v⊥ → Pic(KH(v)).
The same claims also hold for the moduli of stable twisted sheaves (cf. [Y5, Thm. 3.19]).
For a Fourier-Mukai transform Φ : D(X) → D(X ′), if there is an open subset U ⊂ MH(v) such that
dim(MH(v) \ U) ≤ dimMH(v) − 2 and Φ(E) ∈ MĤ(Φ(v)) for E ∈ U , then we have an identification
Φ∗ : H2(MH(v),Z)→ H2(MĤ(Φ(v)),Z) and a commutative diagram
v⊥ Φ //
θv

Φ(v)⊥
θΦ(v)

H2(KH(v),Z)
Φ∗
// H2(KĤ(Φ(v)),Z)
Thus Proposition 4.3.5 enables us to study the Picard groups of KH(v) unless there is no wall of type (b1)
in Lemma 4.3.4.
4.5.1. A study on the wall of type (b1). For the wall of type (b1), the universal families are different along a
divisor. We shall study the relation of two families in order to compare the Picard groups. For this purpose,
we start with the analysis of a family of torsion free sheaves of rank 2.
We set v = 2 + ξ + a̺X . Let α be a representative of [α] ∈ H2e´t(X,O×X). Let M be an open subscheme
of the moduli space of simple torsion free (α−1)-twisted sheaves E with v(E) = v∨ such that E∗∗ is simple
and dimk(E
∗∗/E) ≤ 1, where E∗ := HomOX (E,OX). Let E be a universal family as a (α−1 × α′)-twisted
sheaf on X ×M , where α′ is a representative of [α′] ∈ H2e´t(X ′,O×X′). Then E∨ := RHomOX (E ,OX×M ) is
not a family of torsion free α-twisted sheaves. We shall modify this complex to a flat family of torsion free
α-twisted sheaves. Let D be the divisor of M parametrizing non-locally free sheaves. We shall prove that
D is smooth and Ext1OX×M (E ,OX×M ) is an OD-module. We take a locally free resolution of E :
0→ U → V → E → 0.
Then E∨ is the complex which is represented by V ∨ → U∨. The support of Ext1OX×M (E ,OX×M ) is X ×D.
Assume that E ∈ D. By the local-global spectral sequence, we have an exact sequence
Ext1(E,E)
ϕ→ H0(X, Ext1OX (E,E))→ H2(X,HomOX (E,E))
ψ→ Ext2(E,E).
Since E∗∗ is simple, ψ is isomorphic and ϕ is surjective. Since Ext1OX (E,E) ∼= kx is the Zariski tangent space
of local deformation of E at a pinch point x of E, D is smooth in a neighborhood of E. Moreover
Ext1OX×M (E ,OX×M ) = i∗(F ),
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where i : X ×D → X ×M is the inclusion and F is a flat family of skyscraper α-twisted sheaves kx, x ∈ X
parametrized by D. We have an exact triangle
(4.6) E∗ → RHomOX (E ,OX×M )→ i∗(F )[−1]→ E∗[1].
We set G := ker(U∨ → i∗(F )). Since T orOM2 (i∗(F ),OD) = 0, we get T orOM1 (G,OD) = 0. Thus G is flat
over M and E∗|X×D → V ∨|X×D is injective. We have exact sequences
0→ E∗|X×D → V ∨|X×D → G|X×D → 0,
0→ F (−D)→ G|X×D → U∨|X×D → F → 0.
For t ∈ D, E∗|X×{t} and E∨|X×{t} fits in exact sequences in A(β′,ω′):
0→ F|X×{t}[1]→ E∗|X×{t} → (E∗|X×{t})∗∗ → 0,
0→ (E∗|X×{t})∗∗[1]→ E∨|X×{t}[1]→ F|X×{t} → 0,
where the intersection number satisfies (β′, ω′)≫ (ξ, ω′). These are non-trivial extensions.
Let us study the case (b1) in Lemma 4.3.4. Let Ww1 be a wall for v such that 〈w21〉 = 0 and 〈v, w1〉 = 2.
In the notation of § 4.1, ΦE∨[1]X→X1(E) or its dual is a torsion free sheaf of rank 2 on X1. We shall prove that
each moduli space is represented by an open subscheme M of MγL(w) such that dim(M
γ
L(w)\M) ≥ 2, where
L is an ample line bundle on an abelian surface Y and w ∈ A∗alg(Y ) is a primitive Mukai vector.
We shall prove this claim inductively by crossing walls of type (b1). So we may assume that one of the
M(β,ω±)(v) is represented by a scheme M up to codimension 1, and there is a universal family E± as a
twisted sheaf. Indeed we may choose MγL(w) as the moduli scheme of rank 1 torsion free sheaves, M
β
H(v) or
M−βH (−v∨). Then ΦE
∨[1]
X→X1(E±) or its dual is a family of torsion free sheaves of rank 2. For simplicity, assume
that E := ΦE∨[1]X→X1(E±)∨ is a family of torsion free sheaves. Applying the above observation to this situation,
we get a family of torsion free sheaves E∗ = (ΦE∨[1]X→X1(E±)∨)∗. Then E∓ := Φ
E[1]
X1→X((Φ
E
∨[1]
X→X1 (E±)∨)∗) is a
family of σ(β,ω∓)-stable objects. Therefore we have an exact triangle
E∓ → E± → F → E∓[1],
where F is a family of stable objects with the Mukai vector w1 parametrized by a divisor D. Then we have
an identification M(β,ω±)(v)
∼=M(β,ω∓)(v) up to codimension 1. Thus M(β,ω∓)(v) is also represented by M .
We set K := M ∩KL(w). Since codimKL(w)(KL(w) \K) ≥ 2, H2(KL(w),Z) ∼= H2(K,Z). For x ∈ v⊥, we
set
θ±(x) := −[pK∗(ch(E±)∨p∗(x))]1 ∈ H2(K,Z),
where pK : X ×K → K and p : X ×K → X are the projections, and [z]1 means the H2(K,Z)-component
of z. We shall compare two isometries θ±. We write D = θ∓(d).
Lemma 4.5.1.
d = v − 〈v
2〉
2
w1.
Proof. Let E be the family of torsion free sheaves as above. We set v′ := v(E|X1×{s}), s ∈ KL(w). It is
sufficient to prove
(4.7) 2c1(D) = −[pK∗(ch(E∗)∨p∗(2v′ − 〈v′, v′〉̺X1))]1,
where pK and p are the projections from X1×K. Let L be an (α2×(α′)2)-twisted line bundle on X1×KL(w)
which is an extension of det E∗. Indeed since [α×α′] is a 2-torsion element of the Brauer group, the category
of (α2 × (α′)2)-twisted sheaves is equivalent to the category of coherent sheaves. Since Pic0(KL(w)) is
trivial, we have a decomposition L ∼= L1 ⊠ L2, where L1 and L2 are (α2)-twisted line bundle on X1 and
(α′)2-twisted line bundle on KL(w) respectively. We note that E∗ is reflexive and E ∼= E∗⊗ (det E∗)∨. Hence
E ∼= E∗ ⊗ (L1 ⊠ L2)∨. Let G be an α-twisted vector bundle of rank 2 on X1 such that v(G) = v′. Then
v(G∨ ⊗ L1) = v(G) = v′. We have det pK![Ext1OX1×K (E ⊗G,OX1×K)] ∼= OK(2D), where for an object F of
D(X) we denote by [F ] the class of F in the Grothendieck group. By using the relative duality, we see that
pK![Ext1OX1×K (E ⊗G,OX1×K)] = −pK![E
∨ ⊗G∨] + pK![E∗ ⊗G∨]
= −pK![RHomOX1×K (E∗ ⊗ (L1 ⊠ L2)∨, G∨ ⊠OK)] + pK![E∗ ⊗G∨]
= −pK![RHomOX1×K (E∗ ⊗ L∨1 ⊗G,OX′×K)⊗ L2] + pK![E∗ ⊗G∨].
Hence
OK(2D) =det pK![Ext1OX1×K (E ⊗G,OX1×K)]
=det pK![((E∗)∨ ⊗ L1 ⊗G∨)∨]⊗ L〈v
′,v(L1⊗G)〉
2 ⊗ det pK![E∗ ⊗G∨]
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=det pK!
(
[(E∗)∨]⊗ ([L1 ⊗G∨]− 〈v′, v(L1 ⊗G)〉[A] + [G])
)∨
,
where A is an α-twisted structure sheaf of a point x1 ∈ X1. Since
v([L1 ⊗G∨]− 〈v′, v(L1 ⊗G)〉[A] + [G]) = v′ − 〈v′, v′〉̺X′ + v′,
we get (4.7). 
Proposition 4.5.2. We have θ±(x) = θ∓(x− 〈w1, x〉d), x ∈ v⊥, and
x− 〈w1, x〉d = x− 2 〈d, x〉〈d, d〉d, x ∈ v
⊥.
Thus θ−1∓ ◦ θ± is the reflection by d. In particular, it is an isometry of v⊥.
Proof. For x ∈ v⊥, (4.6) implies that
(4.8) θ±(x) = θ∓(x)− 〈w1, x〉θ∓(d).
By Lemma 4.5.1, we have 〈d2〉 = −〈v2〉. Since 〈v2〉2 〈w1, x〉 = −〈d, x〉, we get the claim. 
Remark 4.5.3. If θ+ and θ− are isometries, then we can determine d as follows. Since θ± are isometries,
(4.8) implies that
〈x2〉 = (θ±(x)2) = (θ∓(x− 〈w1, x〉d)2) = 〈(x − 〈w1, x〉d)2〉 = 〈x2〉 − 2〈x, 〈w1, x〉d〉 + 〈w1, x〉2〈d2〉
for x ∈ v⊥. Hence we get
−2〈x, d〉+ 〈w1, x〉〈d2〉 = 0.
Since (v⊥)⊥ = Zv, we have −2d + 〈d2〉w1 = nv, n ∈ Z. Then n〈v2〉 = 〈d2〉〈w1, v〉 = 2〈d2〉, which implies
that d = −(n/2)v + (n/4)〈v2〉w1. Then we have
n〈v2〉 = 2〈(−(n/2)v + (n/4)〈v2〉w1)2〉.
Thus n = 0 or −2. Since d 6= 0, we should have n = −2. Therefore
d = v − 〈v
2〉
2
w1
Remark 4.5.4. If 〈w1, u〉 ∈ 2Z for any u ∈ A∗alg(X), then M(β,ω±)(v) are isomorphic to open subschemes of
the moduli of stable twisted sheaves on X ′. Thus we have a moduli space M(β,ω±)(v) as a scheme.
We have the following refinement of [Y7].
Corollary 4.5.5. Let X be an abelian surface. Assume that there is a primitive Mukai vector u ∈ A∗alg(X)
such that 〈u, v〉 = 〈u2〉 = 0. Then we can explicitly find a Fourier-Mukai transform Φ which induces a
birational map MH(v) 99K M
α
H′(v
′), where MαH′(v
′) is a moduli scheme of α-twisted sheaves of dimension
1 on an abelian surface. Moreover this birational map induces an isomorphism of the second cohomology
groups provided 〈v2〉 > 6. Thus we can explicitly describe the line bundle on KH(v) which induces a rational
Lagrangian fibration KH(v) 99K P
〈v2〉/2−1.
5. Appendix
5.1. Stability condition and base change. Now we discuss on the behaviour of our stability condition
σ(β,ω) = (A(β,ω), Z(β,ω)) under a field extension L/k. A similar claim holds for any surfaces. Let us write by
XL the base change of X , and set standard morphisms as
XL
p′ //
π′

X
π

SpecL
p
// Spec k
For given β,H, ω on X , we denote by β′, H ′, ω′ the pull-backs on XL. The stability function Z(β′,ω′) :
D(XL)→ C is defined in the same way as Z(β,ω):
Z(β′,ω′)(EL) := 〈eβ
′+
√−1ω′ , v(EL)〉, EL ∈ D(X).
The function Σ(β′,ω′)(E
′
L, EL) is also defined in the same way:
Σ(β′,ω′)(E
′, E) := det
(
ReZ(β′,ω′)(E
′
L) ReZ(β′,ω′)(EL)
ImZ(β′,ω′)(E
′
L) ImZ(β′,ω′)(EL)
)
, EL, E
′
L ∈ D(XL).
Lemma 5.1.1. Assume that the extension L/k is finite.
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(1) For an object EL ∈ D(XL) we have
[L : k]Z(β′,ω′)(EL) = Z(β,ω)(p
′
∗EL).
(2) For objects EL, E
′
L ∈ D(XL) we have
Σ(β′,ω′)(E
′
L, EL) ≥ 0 ⇐⇒ Σ(β,ω)(p′∗E′L, p′∗EL) ≥ 0.
Proof. Note that for an object EL ∈ D(XL) we have
Z(β′,ω′)(EL) = dimL[π
′
∗(v(EL) · eβ
′+
√−1ω′)]0,
where · in the right hand side means the intersection product on the Chow ring A∗(XL) and [ ]0 denotes the
degree zero part of an element of A∗(XL). Then we have
[L : k]Z(β′,ω′)(EL) = dimk p∗[π
′
∗(v(EL) · eβ
′+
√−1ω′)]0 = dimk[π∗p′∗(v(EL) · eβ
′+
√−1ω′)]0
= dimk[π∗(v(p′∗EL) · eβ+
√−1ω)]0 = Z(β,ω)(p
′
∗EL).
Here at the third equality we used the projection formula. Thus we have (1). Then (2) follows from the
definition of Σ(β,ω). 
We denote by CL and A(β′,ω′),L the categories over L, which are similarly defined as C and A(β,ω). Then
the stability condition σ(β′,ω′),L := (A(β′,ω′),L, Z(β′,ω′)) is well-defined.
Lemma 5.1.2. (1) The derived pull-back p′∗ : D(X)→ D(XL) induces an exact functor p′∗ : A(β,ω) →
A(β′,ω′),L.
(2) The derived push-forward p′∗ : D(XL)→ D(X) induces an exact functor p′∗ : A(β′,ω′),L → A(β,ω).
Proof. What should be shown is that the image p′∗(A(β,ω)) (resp. p′∗(A(β′,ω′),L)) is indeed in A(β′,ω′),L (resp.
in A(β,ω)). The case (1) is clear, since the twisted semi-stability is preserved under pull-back (which is a
consequence of the uniqueness of Harder-Narasimhan filtration).
For the case (2), let E be a (β′)-twisted semi-stable object of CL. it is enough to prove that p′∗(E) is also
β-twisted semi-stable.
We may assume that L is a normal extension of k. Indeed for a normal extension L′ of k containing L,
q′∗(q
′∗(E)) = E⊕[L
′:L], where q′ : XL′ → XL is the projection.
Let F be a subobject of p′∗(E). Then p
′∗(F ) is a subobject of p′∗p′∗(E). By Lemma 5.1.3 below, p
′∗p′∗(E)
is a β′-twisted semi-stable object with χ(p′∗p′∗(E)(n)) = χ(p
′
∗(E)(n)). Hence
χ(F (n))
rkF
=
χ(p′∗(F )(n))
rkF
≤ χ(p
′
∗(E)(n))
rk p′∗(E)
.
Therefore p′∗(E) is β-twisted semi-stable. 
Lemma 5.1.3. p′∗p′∗(E) is a successive extension of E.
Proof. We note that p′∗p′∗(E) = E⊗L (L⊗kL). Since L is a normal extension of k, R := L⊗kL is a successive
extension of R-modules R/mi, where mi are maximal ideals of R and R/mi ∼= L. Since E ⊗L (R/mi) ∼= E,
p′∗p′∗(E) is a successive extension of E. 
Proposition 5.1.4. Assume that the extension L/k is finite. If E is a σ(β,ω)-semi-stable object, then p
′∗E
is σ(β′,ω′),L-semi-stable,
Proof. Assume that p′∗(E) is not σ(β′,ω′),L-semi-stable. (Here we are implicitly using Lemma 5.1.2 (1).)
Take a distabilizing subobject F of p′∗(E), so that we have Σ(β′,ω′)(F, p′∗(E)) < 0. Then by Lemma 5.1.1
(2) we have Σ(β,ω)(p
′
∗F, p
′
∗p
′∗E) < 0.
On the other hand, since p′∗p
′∗E ≃ Ed with d := [L : k], p′∗p′∗E is σ(β,ω)-semi-stable. Then since p′∗F ∈
A(β,ω) and it is a subobject of p
′
∗p
′∗E by Lemma 5.1.2 (2), we have Σ(β,ω)(p′∗F, p
′
∗p
′∗E) ≥ 0. Therefore by
contradiction the claim holds. 
Remark 5.1.5. This claim implies that our stability condition σ(β′,ω′),L is a member of Stab(XL)p in [So,
Definition 3.1].
Corollary 5.1.6. Let L = k, the algebraic closure of k. If E is a σ(β,ω)-semi-stable object, then p
′∗E is
σ(β′,ω′),L-semi-stable.
Proof. Assume that p′∗E is not σ(β′,ω′),L-semi-stable. Let F be the distabilizing subobject of p′∗E. Since F
is a class of a complex consisting of coherent sheaves, we may assume that F is defined on a field L′ such
that k ⊂ L′ ⊂ L = k and [L′ : k] < ∞. Then by Proposition 5.1.4 p′∗L′/kE is semi-stable with respect to
σ(β′′,ω′′),L′ , where p
′
L′/k : XL′ → X and β′′, ω′′ are pull-backs of β, ω via k → L′. But it contradicts the
choice of F . 
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5.2. Non-emptyness of the moduli spaces. Over a field of characteristic 0, the moduli spaces of stable
objects are non-empty if the expected dimension is non-negative. We shall explain that a similar claim also
holds over a field of positive characteristic under a technical condition. Let k be a field of characteristic p > 0
and X is an abelian or a K3 surface defined over k. Let α be a 2-cocycle of the e´tale sheaf O×X . Let Kα(X)
be the Grothendieck group of α-twisted sheaves on X .
Proposition 5.2.1. Let G be a locally free α-twisted sheaf such that Kα(X) = ZG + Kα(X)≤1, where
Kα(X)≤1 is the subgroup generated by torsion sheaves. Assume that (p, rkG) = 1. Let v be the Mukai vector
of an α-twisted sheaf E. If v is primitive and 〈v2〉 ≥ −2ε, then MG′H (v) 6= ∅ for a general (G′, H). Moreover
MG
′
H (v) is deformation equivalent to MH(1, 0,−ℓ), ℓ := 〈v2〉/2.
We first treat the case where α is trivial. By [NO, Cor. 3.2] and [D, Cor. 1.8], for a polarized abelian or
a K3 surface (X,H), we have a lifting (X ,H) to characteristic 0.
Remark 5.2.2. Assume that X → T is a family of abelin surfaces with polarizations. By [MFK, sect. 6.2],
a polarization is a T -homomorphism λ : X → X̂ such that for any geometric point t ∈ T , λt = φL for some
ample line bundle L on Xt. By [MFK, Prop. 6.10], we have a relatively ample line bundle which induces
the polarization 2λ. We consider π : PicξX/T → T , where PicξX/T is the connected component containing H
on X . Since PicξX/T → T is a projective morphism, imπ is a closed subscheme of T . For the category of
Artinian rings, polarizations come from ample line bundles ([Or, Lem. 2.3.2]). Thus [NO, Cor. 3.2] implies
that the infinitesimal lifting of H is unobstructed. Then π is dominant. Then for a suitable finite covering
T ′ → T of T , we have a family of line bundles which is an extension of H .
We first prove the simplest case in order to explain our starategy. Let v = (r, ξ, a) ∈ Z ⊕ NS(X) ⊕ Z be
a primitive Mukai vector with v > 0 and consider the untwisted case. We assume that H is general with
respect to v. In this case, the twisted semi-stability is independent of G. Hence we can set G = OX . For
the proof of MH(v) 6= ∅, we may assume that k is algebraically closed. Replacing v by venH , n ≫ 0, we
may assume that ξ is ample. Since QH is sufficiently close to Qξ, we may assume that H ∈ Qξ. Thus we
may assume that v = (r, dH, a). In this case, we have a relative moduli scheme M(X ,H)/S(v) → S which is
smooth and projective. Therefore the claim holds. In order to cover general cases, we prepare the following
two lemmas.
Lemma 5.2.3. Assume that (p, rkG) = 1. Let (R, tR) be a discrete valuation ring with R/tR = k and
(X ,H) a flat family of polarized surfaces over T = Spec(R). There is an extension (R′, t′) of (R, t) and a
flat family of projective bundle P → XR′ such that the Brauer class of P ⊗R′ R′/t′R is [α] ∈ H2e´t(X,O×X).
Proof. We take a smooth curve D ∈ |nH |, n≫ 0. Let G1 be a torsion free α-twisted sheaf on X such that
rkG1 > 1 and rkG1 ≡ rkG mod p. Then there is a torsion free α-twisted sheaf such that G2 fits an exact
sequence
0→ G2 → G1 → ⊕ikxi → 0
and Hom(G2, G2(KX + D))0 = 0. Let Def0(E) is the deformation space of a fixed determinant detG1 =
detG2. Hence Def0(G2) is smooth and we have a surjection
(5.1) Ext1OX (G2, G2)0 → Ext1OD (G2|D, G2|D)0.
Thus Def0(G2) → Def0(G2|D) is submersive. Since G2|D deforms to a µ-stable vector bundle, G2 deforms
to a torsion free α-twisted sheaf G3 such that G3|D is µ-stable. Then G3 is a µ-stable α-twisted sheaf.
Replacing G1 by G
∨∨
3 , we assume that G1 is µ-stable with respect to H and H
2((G∨1 ⊗G1)/OX) = 0. Since
(p, rkG1) = 1, we have a decomposition
G∨1 ⊗G1 ∼= OX ⊕ (G∨1 ⊗G1)/OX .
Hence H2(X, (G∨1 ⊗ G1)/OX) = 0. Then there is a discrete valuation ring (R′, t′) dominating (R, t) such
that P(G1)→ X is lifted to a projective bundle P → XR′ . 
For the morphism g : P → XR′ → Spec(R′), L := Ext1g(TP/X ,OX ) is a line bundle on Spec(R′). Since
Homg(TP/X ,OX ) = 0, we have a non-trivial extension
0→ g∗(L∨)→ P → TP/X → 0.
We take an e´tale trivialization U → X of P → X : P×X U ∼= Pm×U , where m = rkG1−1. Then the relative
tautological line bundle on P×U forms a twisted line bundle OP (1) on X . P⊗OP (−1) gives a twisted sheaf G
on X with G⊗R′R′/t′R′ ∼= G1. Assume that E ∈ Kα(X) with v(E) = v satisfies v(E⊗G∨1 ) ∈ Q⊕QH⊕Q̺X.
Then we have a relative moduli scheme MG(X ,H)(v)→ Spec(R′), which is smooth and projective.
Lemma 5.2.4. For an isotropic Mukai vector u, assume that MuH(u) 6= ∅. Then MuH(v) is isomorphic to
the moduli space of µ-stable (twisted) sheaves on X.
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Proof. By the proof of [Y9, Cor. 2.7.3], we get the claim. 
Thus Proposition 5.2.1 follows from the claim for the case where H is general with respect to v.
Let G1 be a local projective generator of C. We have a local projective generator G2 such that G2 =
pNG1 +G in K
α(X) and G1 and G2 belong to the same chamber for v, where N is sufficiently large ([Y8,
Cor. 2.4.4]). (rkG2)G2 +
〈v(G2),v(G2)〉
2 kx ∈ Kα(X) is isotropic. Hence there is a primitive and isotropic
Mukai vector u such that (rkG2)v(G2) +
〈v(G2),v(G2)〉
2 ̺X ∈ Zu.
Lemma 5.2.5. There is a u-twisted stable object E with v(E) = u.
Proof. We apply Lemma 5.2.3 to G2 on X . Replacing T by a finite extension T
′ → T , we have a family
of u-twisted semi-stable objects Eη with Mukai vectors u over the generic point η of T . By the valuative
criterion of properness, we see that E can be extended to a family of u-twisted semi-stable objects E with
Mukai vectors u over T . Therefore there is a u-twisted semi-stable object E with v(E) = u. By the proof of
[Y9, Cor. 1.3.3], we get our claim. 
Proof of Proposition 5.2.1: By Lemma 5.2.5 and Lemma 5.2.4, we may assume that H is general with
respect to v. Replacing v by venH , n ≫ 0, v/ rk v − u/ rku = (0, ξ, a), where Qξ is sufficiently close to
QH . Replacing H by ξ, we may assume that v ∈ Qu+QH +Q̺X . Then we have a relative moduli scheme
MG(X ,H)(v)→ Spec(R′), which is smooth and projective. Therefore the claim holds. 
5.3. Moduli of perverse coherent sheaves. In [Y8, Prop. 1.4.3], one of the authors constructed the
moduli of semi-stable perverse coherent sheaves under the characteristic 0 assumption. The construction is
reduced to the construction of semi-stable A-modules, where A is a sheaf of OY -algebras on a projective
scheme Y via Morita equivalence. Then by using Simpson’s result [S, Thm. 4.7] on the moduli of semi-stable
A-modules, we get the moduli space. In this subsection, we shall remark that Simpson’s construction also
works for any characteristic case by Langer’s results [La]. Let S be a scheme of finite type over a universally
Japanese ring. Let (Y,OY (1)) → S be a flat family of polarized schemes over S. Let A be a sheaf of
OY -algebras such that A is a coherent OY -module, which is flat over S. For an As-module E on Xs, we
write the Hilbert polynomial of E as
χ(Ys, E(m)) =
∑
i
ai(E)
(
n+ i
i
)
, ai(E) ∈ Z.
If χ(E(m)) is a polynomial of degree d, then E is of dimension d. By using the Hilbert polynomial of E, we
have the notion of semi-stability and also the µ-semi-stability.
Lemma 5.3.1. We take a surjective morphism OY (−m)⊕N → A. Let E be a µ-semi-stable A-module of
dimension d. Then
ad−1(F )
ad(F )
≤ ad−1(E)
ad(E)
+m
for any subsheaf F of E.
Proof. We may assume that F is µ-semi-stable. For the multiplication morphism φ : F ⊗A → E, imφ is an
A-submodule of E. Hence
ad−1(imφ)
ad(imφ)
≤ ad−1(E)
ad(E)
.
By our assumption, we have a surjective morphism F (−m)⊕N → imφ. Hence
ad−1(imφ)
ad(im φ)
≥ ad−1(F (−m))
ad(F )
=
ad−1(F ))
ad(F )
−m.
Therefore the claim holds. 
By this lemma, the set of µ-semi-stable As-modules E on Ys (s ∈ S) with the Hilbert polynomial P
is bounded by Langer’s boundedness theorem. Hence we can parametrize semi-stable As-modules by a
quot-scheme Q := QuotA,PA(−n)⊕N/Y/S whose points correspond to quotient As-modules As(−n)⊕N → E
with χ(E(x)) = P (x), where N = P (n). For a purely d-dimensional As-module E on Ys, µmax(E) is the
maximum of ad−1(F )ad(F ) where F is an As-submodule of E. Combining this with Langer’s important result [La,
Cor. 3.4], we have the following
Lemma 5.3.2. For any purely d-dimensional A-module E on Ys (s ∈ S),
(5.2)
h0(Ys, E)
ad(E)
≤
[
1
d!
(µmax(E) + c)
d
]
+
,
where c depends only on (Y,OY (1)), A, d and ad(E).
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Let (R,m) be a discrete valuation ring R and the maximal ideal m. Let K be the fractional field and k
the residue field. Let E be an R-flat family of AR-modules such that E ⊗R K is pure.
Lemma 5.3.3. There is a R-flat family of coherent AR-modules F and a homomorphism ψ : E → F such
that F ⊗R k is pure, ψK is an isomorphism and ψk is an isomorphic at generic points of Supp(F ⊗R k).
Proof. By using [S, Lem. 1.17], we first construct F as a usual family of sheaves. Then by the very
construction of it, F becomes an AR-module. 
Let Qss be the open subscheme of Q consisting of semi-stable As-modules. By using Lemma 5.3.2 and
Lemma 5.3.3, we can construct the moduli of semi-stable As-modules as a GIT-quotient of Q by the action
of PGL(N), where n is sufficiently large. Thus we have a qood quotient q : Qss → Qss/PGL(N) and
Qss/PGL(N) is the coarse moduli space of semi-stable As-modules.
Theorem 5.3.4. We have a coarse moduli scheme of semi-stable A-modules MA,P(Y,OY (1))/S → S, which is
projective over S.
Let MA,P(Y,OY (1))/S be the open subscheme of stable As-modules. Then by this construction, q : Qs →
MA,P(Y,OY (1))/S is a principal PGL(N)-bundle, where Q
s is the open subscheme parametrizing stable As-
modules.
Let X and Y be flat families of projective varieties over a scheme S of finite type over a universally
Japanese ring and assume that X → S is smooth. Let π : X → Y be a family of S-morphisms and
G a locally free sheaf on X such that Gs is a local projective generator of a family of abelian categories
Cs ⊂ D(Xs) as in [Y8, sect. 1.3]. Since [Y8, Cor. 1.3.10] holds for any base S, we have the following.
Corollary 5.3.5. (1) We have a relative moduli stack of Gs-twisted semi-stable objects with the Hilbert
polynomial P as a quotient stack [Qss/GL(N)], where Qss is an open subscheme of QuotC,P
G⊕N/X/S
parametrizing Gs-twisted semi-stable objects.
(2) We have a relative moduli scheme M
G,P
(X,OX (1))/S → S of Gs-twisted semi-stable objects with the
Hilbert polynomial P as a GIT-quotient:
M
G,P
(X,OX(1))/S
∼= Qss/PGL(N).
Let Q be the universal quotient on X ×S Qss.
Proposition 5.3.6. Assume that there is a bounded family of locally free (twisted) sheaves V• on X such
that χ((V•)s,Qs) = 1, s ∈ S. Then there is a universal family on X ×S MG,P(X,OX(1))/S.
Proof. We set A := π∗(G∨ ⊗OX G). Then π∗(G∨ ⊗ Q) is a GL(N)-equivariant A ⊗ OQss -module. Hence
Q ∼= π−1(π∗(G∨ ⊗Q))
L⊗π−1(A) G is GL(N)-equivariant. Then F• := RpQss(V ∨• ⊗Q) is a bounded complex
of GL(N)-equivariant locally free sheaves on Qss, where pQss : X ×S Qss → Qss is the projection. Then
Q⊗p∗Qss(det(F•)∨) is a PGL(N)-linearized object onX×SQss. Let Qs be the open subscheme parametrizing
stable objects. Since Qs → Qs/PGL(N) is a principal bundle, (Q⊗ p∗Qss(det(F•)∨))|X×SQs is the pull-back
of a family of perverse coherent sheaves E on X ×S MG,P(X,OX(1))/S , which gives a universal family. 
Corollary 5.3.7. Assume that (X,H) is a polarized K3 or an abelian surface over a scheme S. For
v = (r, ξ, a) ∈ Z⊕ NS(X/S)⊕ Z, if gcd(r, (ξ,D), a) = 1, D ∈ NS(X/S), then there is a universal family on
X ×S MβH(v).
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